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Jèma 1: a) DÐnetai h diaforÐsimh sun�rthsh f : R2 → R me thn idiìthta ìti, gia k�je
t, x, y ∈ R, f(tx, ty) = tf(x, y). ApodeÐxte ìti, gia k�je ~v = (v1, v2) ∈ R2, eÐnai

f(v1, v2) = −→∇f(0, 0) · ~v

b) DÐnetai h sun�rthsh f : R2 → R me

f(x, y) =
{
x3 sin( 1

x) + y2, an x 6= 0
y2, an x = 0

(1)

UpologÐste tic merikèc parag¸gouc sto (0, 0) kai exet�ste an eÐnai diaforÐsimh sto shmeÐo
autì.

LÔsh: a) ParathroÔme pr¸ta ìti f(0, 0) = f(t0, t0) = tf(0, 0), gia k�je pragmatikì arijmì
t, �ra f(0, 0) = 0. H sunj kh thc diaforisimìthtac thc f sth jèsh (0, 0) dÐnei ìti, gia
opoiod pote zeug�ri pragmatik¸n arijm¸n (v1, v2)(= ~v) eÐnai

lim
t→0

f(tv1, tv2)− f(0, 0)− fx(0, 0)tv1 − fy(0, 0)tv2√
t2v2

1 + t2v2
2

= 0

Autì mporeÐ na sumbeÐ mìno an to ìrio, tou t teÐnontoc sto 0 apì jetikèc timèc, eÐnai Ðso me
mhdèn, pou shmaÐnei ìti (lamb�nontac up' ìyh kai thn upìjes  mac)

lim
t→0

tf(v1, v2)− fx(0, 0)tv1 − fy(0, 0)tv2
t
√
v2
1 + v2

2

=
f(v1, v2)− fx(0, 0)v1 − fy(0, 0)v2√

v2
1 + v2

2

= 0

kai autì fusik� mporeÐ na sumbeÐ mìno an

f(v1, v2) = fx(0, 0)v1 + fy(0, 0)v2 = −→∇f(0, 0) · ~v

(ArketoÐ apantoÔn autì to er¸thma k�nontac thn parat rhsh ìti, upì th sunj kh thc
diaforisimìthtac, to dexiì mèloc thc proc apìdeixh isìthtac eÐnai h par�gwgoc thc f sto (0, 0)
kat� thn kateÔjunsh tou ~v kai sugkrÐnoun to dexiì mèloc me ton orismì thc kat� kateÔjunsh
parag¸gou

D~vf(0, 0) = lim
t→0

f(tv1, tv2)− f(0, 0)
t

= lim
t→0

tf(v1, v2)
t

= f(v1, v2)

Austhr� mil¸ntac k�ti tètoio ja eÐqe nìhma mìno an to di�nusma ~v  tan monadiaÐo. MporoÔme
ìmwc na jewr soume antÐ autìÔ to monadiaÐo ~u = (u1, u2) = ~v

|~v| , opìte ja eÐqame

−→∇f(0, 0) · ~u = D~uf(0, 0) = f(u1, u2) = f(
v1
|~v|
,
v2
|~v|

) =
1
|~v|
f(v1, v2),

ap' ìpou prokÔptei to zhtoÔmeno. ParataÔta, bajmologik� de st�jhka se aut n th lep-
tomèreia.)
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b) UpologÐzoume pr¸ta tic merikèc parag¸gouc thc f sth jèsh (0, 0). EÐnai

fx(0, 0) = lim
h→0

f(h, 0)− f(0, 0)
h

= lim
h→0

h2 sin( 1
h)

h
= lim

h→0
h sin(

1
h

) = 0

(wc ìrio ginomènou mhdenik c sun�rthshc epÐ fragmènhc)

fy(0, 0) = lim
k→0

f(0, k)− f(0, 0)
k

= lim
k→0

k2

k
= 0

Elègqoume, me b�sh ton orismì thc diaforisimìthtac, to ìrio

lim
(x,y)→(0,0)

f(x, y)− f(0, 0)− xfx(0, 0)− yfy(0, 0)√
x2 + y2

= lim
(x,y)→(0,0)

x3 sin( 1
x) + y2√

x2 + y2

Epeid  |x|, |y| ≤
√
x2 + y2 blèpoume ìti h posìthta thc opoÐac to ìrio anazhtoÔme gÐnetai

0 ≤ |
x3 sin( 1

x) + y2√
x2 + y2

| ≤ |
x3 sin( 1

x |)√
x2 + y2

|+ y2√
x2 + y2

≤ |x|
√
x2 + y2 +

√
x2 + y2.

To zhtoÔmeno ìrio eÐnai loipìn mhdèn, �ra h dojeÐsa sun�rthsh eÐnai diaforÐsimh sto (0, 0).

Jèma 2: Estw f : R2 → R mia diaforÐsimh sun�rthsh me suneqeÐc merikèc parag¸gouc
deÔterhc t�xhc. JewroÔme thn g: R2 → R me g(u, v) = f(au + bv, cu + dv) ìpou a, b, c, d
eÐnai pragmatikèc stajerèc. ApodeÐxte ìti

∂2g

∂u∂v
= ab

∂2f

∂x2
+ (ad+ bc)

∂2f

∂x∂y
+ cd

∂2f

∂y2

LÔsh: Eqoume na paragwgÐsoume th sÔnjeth sun�rthsh g = f ◦ (x, y), ìpou x = au+ bv,
y = cu+ dv, pr¸ta wc proc u. Efarmìzontac ton kanìna thc alusÐdac brÐskoume

∂g

∂u
=
∂f

∂x

∂x

∂u
+
∂f

∂y

∂y

∂u
= a

∂f

∂x
+ c

∂f

∂y

ParagwgÐzoume to apotèlesma wc proc v, efarmìzontac p�li ton kanìna thc alusÐdac,
epÐ thc sun�rthshc pou br kame:

∂2g

∂u∂v
=

∂

∂v
(
∂g

∂u
)

=
∂

∂v
(a
∂f

∂x
+ c

∂f

∂y
)

= a
∂

∂v
(
∂f

∂x
) + c

∂

∂v
(
∂f

∂y
)

= a(
∂2f

∂x2

∂x

∂v
+

∂2f

∂x∂y

∂y

∂v
) + c(

∂2f

∂y∂x

∂x

∂v
+
∂2f

∂2y

∂y

∂v
)

= ab
∂2f

∂x2
+ ad

∂2f

∂x∂y
+ bc

∂2f

∂y∂x
+ cd

∂2f

∂2y

= ab
∂2f

∂x2
+ (ad+ bc)

∂2f

∂x∂y
+ cd

∂2f

∂y2
,

ìpou sthn teleutaÐa isìthta qrhsimopoi same thn enallag  twn mikt¸n deÔterwn parag¸gwn
pou prokÔptei apì thn upìjesh perÐ suneq¸n merik¸n parag¸gwn deÔterhc t�xhc.
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Jèma 3: An gia touc pragmatikoÔc arijmoÔc x, y isqÔei x2 + y2 = 1, apodeÐxte ìti, gia
opoiousd pote pragmatikoÔc arijmoÔc a, b eÐnai

|ax+ by| ≤ (a2 + b2)1/2

LÔsh: UpologÐzoume ta akrìtata thc sun�rthshc f(x, y) = ax + by, upì th sunj kh
g(x, y) = x2 + y2− 1 = 0. Me th mèjodo twn pollaplasiast¸n Lagrange anazhtoÔme λ ¸ste−→∇f = λ

−→∇g, dhlad  (a, b) = λ(2x, 2y). Tètoia x, y prèpei na epalhjeÔoun thn x2 +y2−1 = 0,
dhlad  ( a2λ)2 + ( b

2λ)2 = 1, epomènwc λ = ±1
2

√
a2 + b2. Ta krÐsima shmeÐa eÐnai loipìn ta

(x, y) = ( a2λ ,
b
2λ) = ( a√

a2+b2
, b√

a2+b2
) kai (x, y) = (− a√

a2+b2
,− b√

a2+b2
). EÐnai profanèc ìti to

pr¸to eÐnai shmeÐo megÐstou kai to deÔtero elaqÐstou, ap' ìpou paÐrnoume ìti

−a a√
a2 + b2

− b b√
a2 + b2

≤ ax+ by ≤ a a√
a2 + b2

+ b
b√

a2 + b2
,

dhlad  to zhtoÔmeno.
PolloÐ apì sac èdwsan orjèc apodeÐxeic me stoiqei¸dh mèsa, oi opoÐec fusik� baj-

molog jhkan wc orjèc.

Jèma 4: DÐnetai mia sun�rthsh f = (f1, f2): R2 → R2. An oi f1, f2 èqoun suneqeÐc
merikèc parag¸gouc kai sto shmeÐo (x0, y0) ∈ R2 eÐnai

J(x0, y0) = (
∂f1

∂x

∂f2

∂y
− ∂f1

∂y

∂f2

∂x
)(x0, y0) 6= 0,

na exhgeÐste giatÐ orÐzontai se k�poia geitoni� V tou f(x0, y0) sunart seic g1, g2: V → R
tètoiec ¸ste, gia k�je (u, v) ∈ V, eÐnai

∂g1
∂u

=
1
J

∂f2

∂y
,

∂g2
∂u

= − 1
J

∂f2

∂x

LÔsh: Mac dÐnetai ìti h Iakwbian  orÐzousa sth jèsh (x0, y0) eÐnai di�forh tou mhdenìc,
pr�gma pou shmaÐnei ìti h sun�rthsh f eÐnai topik� antistrèyimh (apì to Je¸rhma AntÐstro-
fhc Apeikìnishc). Dhlad  se k�poia perioq  V tou f(x0, y0) orÐzetai mÐa sun�rthsh

g = (g1, g2):V → R2

tètoia ¸ste g ◦ f = id. To teleutaÐo ìmwc shmaÐnei ìti gia k�je (x, y) pou eÐnai tètoio ¸ste
f(x, y) ∈ V, èqoume

g1(f1(x, y), f2(x, y)) = x kai g2(f1(x, y), f2(x, y)) = y

ParagwgÐzontac autèc tic sqèseic (me qr sh tou kanìna alusÐdac kai gr�fontac tic metabl-
htèc twn g1, g2 wc u kai v) wc proc x brÐskoume

∂g1
∂u

∂f1

∂x
+
∂g1
∂v

∂f2

∂x
= 1

∂g2
∂u

∂f1

∂x
+
∂g2
∂v

∂f2

∂x
= 0

en¸ paragwgÐzontac wc proc y brÐskoume

∂g1
∂u

∂f1

∂y
+
∂g1
∂v

∂f2

∂y
= 0

∂g2
∂u

∂f1

∂y
+
∂g2
∂v

∂f2

∂y
= 1

EpilÔontac to sÔsthma thc pr¸thc kai thc trÐthc apì tic parap�nw exis¸seic wc proc
ton �gnwsto ∂g1

∂u paÐrnoume (parathroÔme ìti h orÐzousa twn suntelest¸n autoÔ tou 2× 2−
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sust matoc eÐnai h Iakwbian  orÐzousa thc f sth jèsh (x, y), h opoÐa paramènei mh-mhdenik 
lìgw thc sunèqeiac twn merik¸n parag¸gwn thc f)

∂g1
∂u

=
1
J

∣∣∣∣∣ 1 ∂f2
∂x

0 ∂f2
∂y

∣∣∣∣∣ = 1
J

∂f2

∂y

EpilÔontac to sÔsthma thc deÔterhc kai thc tètarthc apì tic parap�nw exis¸seic prokÔptei
to antÐstoiqo apotèlesma gia thn ∂g2

∂u .

Jèma 5: a) DÐnetai h dianusmatik  sun�rthsh ~F : R3 → R3 me

~F (x, y, z) = (3x2 arctan y + yexy + y2)~i+ (
x3

1 + y2
+ xexy + x2y)~j (+0~k)

Na exet�sete an up�rqei sun�rthsh f : R3 → R, tètoia ¸ste ~F = gradf .
b) Na brejeÐ h gwnÐa pou sqhmatÐzoun oi epif�neiec (dhlad  ta dianÔsmata pou eÐnai k�jeta

se autèc) f(x, y, z) = x2 + y2 + z2 − 9 = 0 kai g(x, y, z) = x2 + y2 − z − 3 = 0 sto shmeÐo
(2,−1, 2).

LÔsh: a) Efìson isqÔei ìti rotgradf = ~0, gia na up�rqei tètoia sun�rthsh prèpei rot~F =
~0. Omwc o strobilismìc thc ~F eÐnai

∇× ~F =

∣∣∣∣∣∣∣
i j k

∂/∂x ∂/∂y ∂/∂z

3x2 arctan y + yexy + y2 x3

1+y2
+ xexy + x2y 0

∣∣∣∣∣∣∣
EÐnai profanèc ìti oi dÔo pr¸tec sunist¸sec tou eÐnai mhdèn, opìte upologÐzoume thn trÐth:

∂

∂y
(3x2 arctan y + yexy + y2)− ∂

∂x
(

x3

1 + y2
+ xexy + x2y) =

3x2 1
1 + y2

+ exy + yxexy + 2y − 3x2

1 + y2
− exy − xyexy − 2xy =

2y − 2xy

AfoÔ h posìthta aut  den eÐnai tautotik� mhdèn, sumperaÐnoume ìti den up�rqei tètoia sun�rthsh.
b) Ta k�jeta dianÔsmata stic dojeÐoec epif�neiec eÐnai, antÐstoiqa, ~u = −→∇f(2,−1, 2) =

(2x, 2y, 2z)|(2,−1,2) = (4,−2, 4) kai ~v = −→∇g(2,−1,2) = (2x, 2y,−1)|(2,−1, 2) = (4,−2,−1). To
sunhmÐtono thc gwnÐac pou sqhmatÐzoun ta dÔo dianÔsmata dÐnetai wc

cosϕ =
~u · ~v
|~u| |~v|

=
16 + 4− 4√

16 + 4 + 16
√

16 + 4 + 1
=

8
3
√

21
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