
Exètash sthn Algebra

Tm ma Majhmatik¸n, Panepist mio Patr¸n

18 SeptembrÐou 2015

Jèma 1: a) D¸ste par�deigma akèraiac perioq c, h opoÐa den eÐnai s¸ma kai èna par�deigma pr¸tou
ide¸douc thc. (0,5 mon�dec)

b) JewroÔme mia akèraia perioq , èna omomorfismì antimetajetik¸n daktulÐwn f : A→ B kai èna
pr¸to ide¸dec P tou B. ExhgeÐste giatÐ o daktÔlioc - phlÐko A/f−1[P ] eÐnai akèraia perioq . (1,5
mon�dec)

LÔsh: a) Pq, o daktÔlioc Z twn akeraÐwn. Pr¸ta ide¸dh tou eÐnai ekeÐna thc morf c pZ, ìpou p
eÐnai pr¸toc arijmìc.

b) O daktÔlioc - phlÐko A/f−1[P ] eÐnai akèraia perioq  an kai mìno an to ide¸dec f−1[P ] eÐnai
pr¸to, opìte apodeiknÔoume ìti to ide¸dec f−1[P ] eÐnai pr¸to. An loipìn èqoume a1a2 ∈ f−1[P ],
autì shmaÐnei ìti f(a1a2) ∈ P. f eÐnai omomorfismìc, opìte èqoume ìti f(a1)f(a2) ∈ P. To P eÐnai
pr¸to, opìte f(a1) ∈ P   f(a2) ∈ P, isodÔnama, a1 ∈ f−1[P ]   a2 ∈ f−1[P ], pou shmaÐnei ìti to
f−1[P ] eÐnai pr¸to.

Jèma 2: JewroÔme ton antimetajetikì daktÔlio C([0, 1], R) twn suneq¸n sunart sewn apì to
kleistì di�sthma [0, 1] sto R, me tic pr�xeic thc prìsjeshc kai tou pollaplasiasmoÔ kat� ìrisma
((f+g)(x) = f(x)+g(x), (fg)(x) = f(x)g(x)) kai th sun�rthsh ϕ: C([0, 1], R)→ R me ϕ(f) = f(1

2).
ApodeÐxte ìti eÐnai omomorfismìc, exhgeÐste giatÐ to sÔnolo

I = {f ∈ C([0, 1], R) | f(
1
2
) = 0}

eÐnai ide¸dec kai exet�ste an eÐnai pr¸to ki an eÐnai megistikì. (2,5 mon�dec)

LÔsh: Ta oudètera stoiqeÐa gia thn pr�xh thc prìsjeshc kai tou pollaplasiasmoÔ sto daktÔlio
C([0, 1], R) eÐnai oi sunart seic c0 kai c1 pou paÐrnoun, antÐstoiqa, stajer� timèc 0 kai 1. Aut�
diathroÔntai apì ton ϕ afoÔ ϕ(c0) = c0(1

2) = 0 kai omoÐwc gia th c1. O ϕ diathreÐ thn prìsjesh
afoÔ

ϕ(f + g) = (f + g)(
1
2
) = f(

1
2
) + g(

1
2
) = ϕ(f) + ϕ(g)

kai, omoÐwc, diathreÐ ton pollaplasiasmì, �ra eÐnai omomorfismìc daktulÐwn.
To sÔnolo I = {f ∈ C([0, 1], R) | f(1

2) = 0} = {f ∈ C([0, 1], R) | ϕ(f) = 0} = ker(ϕ) eÐnai
apl¸c o pur nac tou omomorfismoÔ ϕ, �ra eÐnai ide¸dec.

O omomorfismìc ϕ: C([0, 1], R)→ R eÐnai epÐ, giatÐ gia k�je stoiqeÐo x0 ∈ R h stajer  sun�rthsh
cx0 me tim  autì to x0 apeikonÐzetai apì ton ϕ sto ϕ(cx0) = cx0(

1
2) = x0. Epomènwc Imϕ = R kai to

pr¸to je¸rhma isomorfismoÔ dÐnei C([0, 1], R)/I ∼= R. Me �lla lìgia to phlÐko C([0, 1], R)/I eÐnai
s¸ma, �ra to ide¸dec I Ðnai megistikì (epomènwc kai pr¸to).

Jèma 3: An K eÐnai èna s¸ma kai a, b ∈ K apodeÐxte ìti to polu¸numo x + a + b ∈ K[x] diaireÐ to
x3 − 3abx + a3 + b3 ∈ K[x] (1 mon�da).
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LÔsh: EÐnai x + a + b = x − (−a − b), opìte arkeÐ na exet�soume kat� pìso to stoiqeÐo −a − b
eÐnai rÐza tou x3 − 3abx + a3 + b3. Pr�gmati eÐnai

x3 − 3abx + a3 + b3 = (−a− b)3 − 3ab(−a− b) + a3 + b3

ki epeid  oi tÔpoi gia ta diwnumik� anaptÔgmata isqÔoun se antimetajetikoÔc daktulÐouc èqoume

(−a− b)3−3ab(−a− b)+a3 + b3 = −a3− b3−3(−a)2(−b)−3(−a)(−b)2 +3a2b+3ab2 +a3 + b3 = 0

ap' ìpou prokÔptei to zhtoÔmeno.

Jèma 4: An X kai Y eÐnai dÔo mh-ken� sÔnola kai ϕ: X → Y eÐnai mÐa èna - proc - èna kai epÐ
sun�rthsh, apodeÐxte ìti h sun�rthsh ϕ̂: SX → SY metaxÔ twn om�dwn metajèsewn twn X kai Y ,
pou dÐnetai apì ton tÔpo ϕ̂(f) = ϕ ◦ f ◦ ϕ−1 eÐnai isomorfismìc om�dwn. (2 mon�dec)

LÔsh: H ϕ̂ eÐnai omomorfismìc om�dwn giatÐ

ϕ̂(f ◦ g) = ϕ ◦ (f ◦ g) ◦ ϕ−1

tautotik  wc oudètero stoiqeÐo gia th sÔnjesh = ϕ ◦ (f ◦ idX ◦ g) ◦ ϕ−1

tautotik  wc sÔnjesh antistrìfwn = ϕ ◦ (f ◦ (ϕ−1 ◦ ϕ) ◦ g) ◦ ϕ−1

prosetairistikìthta thc sÔnjeshc = (ϕ ◦ f ◦ ◦ϕ−1) ◦ (ϕ ◦ g ◦ ϕ−1)
= ϕ̂(f) ◦ ϕ̂(g)

H ϕ̂ eÐnai èna - proc - èna giatÐ

ϕ̂(f) = ϕ̂(g) ⇔ ϕ ◦ f ◦ ϕ−1 = ϕ ◦ g ◦ ϕ−1

opìte sunjètontac apì arister� thn ϕ−1 ki apì dexi� th ϕ prokÔptei f = g
H ϕ̂ eÐnai epÐ giatÐ, gia k�je met�jesh h: Y → Y tou Y , h f = ϕ−1 ◦ h ◦ ϕ: X → X eÐnai tètoia

¸ste
ϕ̂(f) = ϕ ◦ (ϕ−1 ◦ h ◦ ϕ) ◦ ϕ−1 = h.

Jèma 5: a) D¸ste èna par�deigma om�dac pou den eÐnai antimetajetik  (0,5 mon�dec).
b) JewroÔme mÐa algebrik  dom  M efodiasmènh me mÐa dimel  prosetairistik  pr�xh ·, gia thn

opoÐa up�rqei oudètero stoiqeÐo 1 (me �lla lìgia h dom  (M, ·, 1) eÐnai dom  monoeidoÔc). ApodeÐxte
ìti èna stoiqeÐo a ∈ M èqei antÐstrofo akrib¸c ìtan up�rqei x ∈ M tètoio ¸ste a · x · a = 1
(Upìdeixh: H mÐa kateÔjunsh eÐnai polÔ eÔkolh. Gia na apodeÐxete thn �llh prèpei na bebaiwjeÐte
ìti to Ðdio stoiqeÐo leitourgeÐ wc antÐstrofo tou a kai apì dexi� kai apì arister�) (2 mon�dec)

LÔsh: a) 'Ena aplì tètoio par�deigma mporeÐ na eÐnai h om�da metajèsewn S3. EkeÐ oi sunjèseic
(1 2) · (1 3) kai (1 3) · (1 2) dÐnoun diaforetik� apotelèsmata.

b) An to stoiqeÐo a èqei antÐstrofo b, tìte a · b · a = 1 · a = a.
AntÐstrofa, an up�rqei x ∈ M me a · x · a = 1, tìte to stoiqeÐo x · a eÐnai dexi� antÐstrofo tou

a. Jèloume na diapist¸soume ìti eÐnai kai arister� antÐstrofo. Pr�gmati ìmwc

(x · a) · a = (1 · (x · a)) · a
= ((a · x · a)(x · a)) · a
= (a · x)((a · x · a) · a)
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= (a · x)(1 · a)
= a · x · a
= 1,

opìte èqoume to zhtoÔmeno.
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