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Jèma 1: Na upologÐsete ta ìria

lim
(x,y)→(1,1)

x2 − 2xy + y2

x2y − y3
, lim

(x,y)→(0,0)

x3 + y3

x2 − xy + y2
, lim

(x,y)→(0,0)

(1− x2)sin(x2 + y2)

x2 + y2
,

lim
(x,y)→(0,0)

x2y4

(x2 + y4)5

LÔsh:

lim
(x,y)→(1,1)

x2 − 2xy + y2

x2y − y3
= lim

(x,y)→(1,1)

(x− y)2

y(x− y)(x + y)
= lim

(x,y)→(1,1)

x− y

y(x + y)
= 0

lim
(x,y)→(0,0)

x3 + y3

x2 − xy + y2
= lim

(x,y)→(0,0)

(x + y)(x2 − xy + y2)

x2 − xy + y2
= lim

(x,y)→(0,0)
(x + y) = 0

lim
(x,y)→(0,0)

(1− x2)sin(x2 + y2)

x2 + y2
= lim

(x,y)→(0,0)
(1− x2) lim

(x,y)→(0,0)

sin(x2 + y2)

x2 + y2

= lim
(x,y)→(0,0)

(1− x2) lim
u→0

sin(u)

u
= 1.1 = 1,

ìpou u = x2 + y2 → 0 ìtan (x, y)→ (0, 0)
Gia to teleutaÐo, paÐrnontac mia prosèggish kat� m koc thc parabol c x = ky2

blèpoume ìti to kl�sma gÐnetai

k2y4 − y4

(k2y4 + y4)5
=

k2 − 1

(k2 + 1)5y16
,

epomènwc to ìriì tou ìtan y → 0 den up�rqei.

Jèma 2: Estw f : R3 → R mia sun�rthsh me suneqeÐc merikèc parag¸gouc deÔterhc
t�xhc kai ìti g: R3 → R eÐnai h sÔnjesh g = f ◦ (u, v, w), ìpou u(x, y, z) = x − y,
v(x, y, z) = y − z, w(x, y, z) = z − x. ApodeÐxte ìti

∂g

∂x
+

∂g

∂y
+

∂g

∂z
= 0

kai breÐte thn ∂2g
∂x2 sunart sei twn diadoqik¸n merik¸n parag¸gwn thc f wc proc u, v,

w.
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LÔsh: EÐnai

∂g

∂x
=

∂f

∂u

∂u

∂x
+

∂f

∂v

∂v

∂x
+

∂f

∂w

∂w

∂x
=

∂f

∂u
· 1 +

∂f

∂v
· 0 +

∂f

∂w
· (−1) =

∂f

∂u
− ∂f

∂w

kai omoÐwc

∂g

∂y
=

∂f

∂u

∂u

∂y
+

∂f

∂v

∂v

∂y
+

∂f

∂w

∂w

∂y
=

∂f

∂u
· (−1) +

∂f

∂v
· 1 +

∂f

∂w
· 0 = −∂f

∂u
+

∂f

∂v
,

∂g

∂z
=

∂f

∂u

∂u

∂z
+

∂f

∂v

∂v

∂z
+

∂f

∂w

∂w

∂z
=

∂f

∂u
· 0 +

∂f

∂v
· (−1) +

∂f

∂w
· 1 = −∂f

∂v
+

∂f

∂w

Prosjètontac kat� mèlh prokÔptei to zhtoÔmeno.
H deÔterh merik  par�gwgoc thc g wc proc x eÐnai

∂2g

∂x2
=

∂

∂x
(
∂f

∂u
)− ∂

∂x
(
∂f

∂w
)

=
∂2f

∂u2

∂u

∂x
+

∂2f

∂u∂v

∂v

∂x
+

∂2f

∂u∂w

∂w

∂x
− (

∂2f

∂w∂u

∂u

∂x
+

∂2f

∂w∂v

∂v

∂x
+

∂2f

∂w2

∂w

∂x
)

=
∂2f

∂u2
− ∂2f

∂u∂w
− ∂2f

∂w∂u
+

∂2f

∂w2

=
∂2f

∂u2
− 2

∂2f

∂u∂w
+

∂2f

∂w2

(h teleutaÐa isìthta prokÔptei lamb�nontac up' ìyh thn upìjesh thc sunèqeiac twn
meikt¸n merik¸n parag¸gwn deÔterhc t�xhc)

Jèma 3: BreÐte ta topik� akrìtata thc sun�rthshc

f(x, y) = x
√

1 + y + y
√

1 + x,

ìpou x > −1, y > −1

LÔsh: Oi merikèc par�gwgoi pr¸thc t�xhc eÐnai

fx =
√

1 + y +
y

2
√

1 + x
, fy =

x

2
√

1 + y
+
√

1 + x

LÔnontac to sÔsthma fx = fy = 0 paÐrnoume

2
√

1 + x
√

1 + y + y = 2
√

1 + x
√

1 + y + x = 0,

apì to opoÐo prokÔptei x = y. Antikajist¸ntac stic prohgoÔmenec isìthtec paÐrnoume
−x = 2(

√
1 + x)2 = 2(1 + x), �ra x = −2/3 = y. Monadikì krÐsimo shmeÐo loipìn

eÐnai to (−2/3,−2/3).
Oi deÔterec merikèc par�gwgoi thc f eÐnai

fxx = − y

4(1 + x)3/2
fxy =

1

2
√

1 + x
+

1

2
√

1 + y
fyy = − x

4(1 + y)3/2
,

oi opoÐec dÐnoun sto krÐsimo shmeÐo fxx(−2/3,−2/3) =
√

3
2

> 0, fxy(−2/3,−2/3) =√
3, fyy(−2/3,−2/3) =

√
3

2
. Epomènwc h Essian  eÐnai H = 3/4− 3 < 0, pou shmaÐnei

ìti to krÐsimo shmeÐo eÐnai sagmatikì.
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Jèma 4: a) Exet�ste an eÐnai sunarthsiak� exarthmènec oi sunart seic f(x, y, z) =
xy + yz + zx, g(x, y, z) = x2 + y2 + z2 kai h(x, y, z) = x + y + z.

b) DÐnetai h sun�rthsh f : R2 → R me f(x, y) = xey. Na upologÐsete th metabol 
thc f sto shmeÐo (2, 0) kat� thn kateÔjunsh apì autì proc to shmeÐo (5, 4). Na
dikaiolog sete ton trìpo upologismoÔ sac.

LÔsh: a) Exet�zoume thn orÐzousa∣∣∣∣∣∣
fx fy fz

gx gy gz

hx hy hz

∣∣∣∣∣∣ =

∣∣∣∣∣∣
y + z x + z y + x
2x 2y 2z
1 1 1

∣∣∣∣∣∣ = 0,

opìte oi treic sunart seic eÐnai exarthmènec.
b) UpologÐzoume thn par�gwgo thc f kat� thn kateÔjunsh ~v = (5, 4) − (2, 0) =

(3, 4), sto shmeÐo (2, 0). H sun�rthsh f eÐnai profan¸c diaforÐsimh, opìte h kat�
kateÔjunsh par�gwgoc dÐnetai apì to eswterikì ginìmeno tou ∇f(2, 0) me to monadiaÐo
di�nusma ~v

||~v|| = (3
5
, 4

5
) :

D~vf(2, 0) = ∇f(2, 0) · ~v

||~v||
= (e0, 2e0) · (3

5
,
4

5
) =

11

5

Jèma 5: ApodeÐxte ìti to exwterikì ginìmeno dÔo astrìbilwn dianusmatik¸n pedÐwn
~F , ~G èqei apìklish div(~F × ~G) = 0.

LÔsh: To ìti ta dianusmatik� pedÐa ~F , ~G eÐnai astrìbila shmaÐnei, antistoÐqwc, ìti

~∇× ~F = (
∂F3

∂y
− ∂F2

∂z
)~i− (

∂F3

∂x
− ∂F1

∂z
)~j + (

∂F2

∂x
− ∂F1

∂y
)~k = ~0

~∇× ~G = (
∂G3

∂y
− ∂G2

∂z
)~i− (

∂G3

∂x
− ∂G1

∂z
)~j + (

∂G2

∂x
− ∂G1

∂y
)~k = ~0

Eqoume epomènwc

div(~F × ~G) = ~∇ · {(F2G3 − F3G2)~i− (F1G3 − F3G1)~j + (F1G2 − F2G1)~k}

= (
∂F2

∂x
G3 + F2

∂G3

∂x
− ∂F3

∂x
G2 − F3

∂G2

∂x
)

− (
∂F1

∂y
G3 + F1

∂G3

∂y
− ∂F3

∂y
G1 − F3

∂G1

∂y
)

+ (
∂F1

∂z
G2 + F1

∂G2

∂z
− ∂F2

∂z
G1 − F2

∂G1

∂z
)

= (
∂F3

∂y
G1 −

∂F2

∂z
G1)− (−∂F1

∂z
G2 +

∂F3

∂x
G2) + (

∂F2

∂x
G3 −

∂F1

∂y
G3)

− ( (F1
∂G3

∂y
− F1

∂G2

∂z
)− (F2

∂G3

∂x
− F2

∂G1

∂z
) + (F3

∂G1

∂y
− F3

∂G2

∂x
) )

= (~∇× ~F ) · ~G− ~F · (~∇× ~G)

= 0
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