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Exet�zoume ed¸ thn ènnoia thc sqèshc isodunamÐac pou eÐnai sumbibast  me tic
pr�xeic mÐac algebrik c dom c kai deÐqnoume ìti h ènnoia aut , prokeimènou gia an-
timetajetikoÔc daktÔliouc antistoiqeÐ amfimonos manta se aut n tou ide¸douc, en¸
prokeimènou gia tic om�dec (ìpou h dimel c pr�xh den eÐnai aparaÐthta antimetajetik )
antistoiqeÐ amfimonos manta se aut n thc kanonik c upoom�dac.

1 DaktÔlioi - Ide¸dh

An èqoume mia algebrik  dom  A epÐ thc opoÐac eÐnai orismènh mia dimel c pr�xh ∗, lème
ìti mia sqèsh isodunamÐac R ⊆ A× A eÐnai sumbibast  me thn pr�xh an, opoted pote
eÐnai (x, x′) ∈ R kai (y, y′) ∈ R, eÐnai kai (x ∗ y, x′ ∗ y′) ∈ R.

Aut  h idiìthta thc sqèshc isodunamÐac se sqèsh me thn pr�xh mac epitrèpei na
orÐsoume mia dimel  pr�xh ∗ epÐ tou sunìlou-phlÐko A/R, me ton kanìna [x]R ∗ [y]R =
[x ∗ y]R. H sumbibastìthta thc sqèshc isodunamÐac me thn pr�xh shmaÐnei akrib¸c ìti
h pr�xh pou orÐzoume sto sÔnolo-phlÐko èqei oristeÐ orj�, dhlad  èqoume orÐsei mia
diadikasÐa − ∗−: A

R
× A

R
→ A

R
pou eÐnai sun�rthsh, dhlad  se èna stoiqeÐo ([x]R, [y]R)

tou pedÐou orismoÔ antistoiqÐzei èna monadik� prosdiorismèno stoiqeÐo tou sunìlou
A/R. Autì sumbaÐnei giatÐ se èna stoiqeÐo tou pedÐou orismoÔ, anexart twc tou an
lègetai ([x]R, [y]R)   ([x′]R, [y′]R), dhlad  an [x]R = [x′]R kai [y]R = [y′]R,   isodÔnama,
(x, x′) ∈ R kai (y, y′) ∈ R, ja antistoiqÐzetai to monadik� prosdiorismèno [x ∗ y]R =
[x′ ∗ y′]R (kai h isìthta aut  isqÔei akrib¸c epeid  (x ∗ y, x′ ∗ y′) ∈ R).

To Ðdio mporoÔme na poÔme kai se sqèsh me mÐa monomel  pr�xh (̂−): A → A: An
èqoume ìti, opoted pote eÐnai [x]R = [x′]R, isodÔnama (x, x′) ∈ R, sumbaÐnei kai ìti
(x̂, x̂′) ∈ R, isodÔnama [x̂]R = [x̂′]R, tìte èqoume orÐsei orj� mia monomel  pr�xh

(̂−): A
R
→ A

R
mèsw tou kanìna [̂x]R = [x̂]R.

Estw t¸ra ìti R eÐnai mia sqèsh isodunamÐac sumbibast  me tic pr�xeic mÐac alge-
brik c dom c. EÐnai fanerì ìti opoiad pote idiìthta afor� se pr�xeic, tou eÐdouc

∀x1∀x2∀x3 ( x1 ∗ (x2 ∗ x3) = (x1 ∗ x2) ∗ x3 )   ∀x ( x ∗ x̂ = x̂ ∗ x ),
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efìson alhjeÔei gia th dom  A (dhlad  ìtan ta x, x1, x2, x3 anafèrontai se stoiqeÐa
thc A), ja alhjeÔei kai gia th dom  A/R. GiatÐ ta opoiod pote stoiqeÐa x, x1, x2, x3

thc dom c A/R eÐnai thc morf c x = [u]R, x1 = [u1]R, x2 = [u2]R, x3 = [u3]R, opìte,
pq,

x1 ∗ (x2 ∗ x3) = [u1]R ∗ ([u2]R ∗ [u3]R)

= [u1]R ∗ [u2 ∗ u3]R

= [u1 ∗ (u2 ∗ u3)]R

(??) = [(u1 ∗ u2) ∗ u3]R

= [u1 ∗ u2]R ∗ [u3]R

= ([u1]R ∗ [u2]R) ∗ [u3]R

= (x1 ∗ x2) ∗ x3,

ìpou h isìthta (??) dhl¸nei ìti h dom  A èqei thn antÐstoiqh idiìthta (en¸ oi loipèc
isìthtec prokÔptoun apì orismoÔc kai mìno). IsqÔoun epÐshc antÐstoiqec idiìthtec
pou emplèkoun k�poia stajer� stoiqeÐa, ìpwc pq thn Ôparxh oudèterou stoiqeÐou: An
up�rqei oudètero stoiqeÐo e gia thn pr�xh ∗, tìte h kl�sh tou [e]R leitourgeÐ wc
oudètero stoiqeÐo gia thn pr�xh ∗ ìpwc aut  orÐzetai metaxÔ kl�sewn isodunamÐac,
afoÔ gia k�je x = [u]R ∈ A/R èqoume

x ∗ [e]R = [u]R ∗ [e]R = [u ∗ e]R = [u]R = x

Katal goume loipìn sthn ex c

1.1 Prìtash. An A eÐnai antimetajetikìc daktÔlioc kai R eÐnai mia sqèsh iso-
dunamÐac pou eÐnai sumbibast  me tic dimeleÐc pr�xeic +, · kai th monomel  pr�xh
−(), tìte to sÔnolo-phlÐko A/R me pr�xeic pou dÐnontai apì touc kanìnec [x]R +[y]R =
[x + y]R, [x]R · [y]R = [x · y]R, −[x]R = [−x]R kai oudètera stoiqeÐa [0]R, [1]R gia tic
pr�xeic + kai ·, antÐstoiqa, apokt� dom  antimetajetikoÔ daktulÐou.

Otan h R eÐnai mia sqèsh isodunamÐac epÐ tou antimetajetikoÔ daktulÐou A, sumbibast 
me tic pr�xeic tou daktulÐou +, ·, −(), tìte to sÔnolo

IR = {x− y ∈ A | (x, y) ∈ R}

(o sumbolismìc dhl¸nei ìti prìkeitai gia èna uposÔnolo pou exart�tai apì th sqèsh
R) èqei tic ex c idiìthtec:

(i) 0 ∈ IR: GiatÐ, gia k�je x ∈ A, 0 = x− x kai (x, x) ∈ R.

(ii) An a ∈ IR kai b ∈ IR, tìte a + b ∈ IR: GiatÐ a = x− y, b = u− v, me (x, y) ∈ R,
(u, v) ∈ R, opìte a + b = (x + u)− (y + v), me (x + u, y + v) ∈ R.
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(iii) An a ∈ IR, tìte −a ∈ IR: GiatÐ a = u − v me (u, v) ∈ R, opìte (v, u) ∈ R kai
−a = v − u.

(iv) An a ∈ IR kai x ∈ A, tìte ax ∈ IR: GiatÐ a = u − v, me (u, v) ∈ R, opìte
dedomènou ìti (x, x) ∈ R, ax = (u− v)x = ux− vx, me (ux, vx) ∈ R.

Antistrìfwc, an I ⊆ A eÐnai èna uposÔnolo tou antimetajetikoÔ daktulÐou, to opoÐo
èqei tic idiìthtec (i), (ii), (iii), (iv) pou eÐdame parap�nw, to

RI = {(x, y) ∈ A× A | x− y ∈ I}

eÐnai mia sqèsh isodunamÐac sumbibast  me tic pr�xeic tou daktulÐou (p�li o sumboli-
smìc upodhl¸nei mia sqèsh pou exart�tai apì to sÔnolo I).

H RI eÐnai sqèsh isodunamÐac giatÐ

•EÐnai anaklastik : Gia k�je x ∈ A, (x, x) ∈ RI afoÔ x− x = 0 ∈ I.

• EÐnai summetrik  afoÔ an (x, y) ∈ RI , tìte x−y ∈ I, opìte kai y−x = −(x−y) ∈ I,
�ra kai (y, x) ∈ RI .

• EÐnai metabatik , afoÔ an (x, y) ∈ RI kai (y, z) ∈ RI , tìte x− y ∈ I kai y− z ∈ I,
�ra x− z = (x− y) + (y − z) ∈ I, dhlad  (x, z) ∈ RI .

'EpÐshc

• H RI eÐnai sumbibast  me thn prìsjesh, afoÔ an (x, y) ∈ RI kai (x′, y′) ∈ RI , tìte
x− y ∈ I kai x′ − y′ ∈ I, �ra kai (x + x′)− (y + y′) = (x + y)− (x′ + y′) ∈ I.

• H RI eÐnai sumbibast  me ton pollaplasiasmì, afoÔ an (x, y) ∈ RI kai (x′, y′) ∈ RI ,
tìte x − y ∈ I kai x′ − y′ ∈ I, �ra kai xx′ − yy′ = xx′ − yx′ + yx′ − yy′ =
(x − y)x′ + y(x′ − y′) ∈ I, dedomènou ìti (x − y)x′ ∈ I, y(x′ − y′) ∈ I, apì thn
idiìthta (iv). Epomènwc (xx′, yy′) ∈ RI .

• Tèloc, h R eÐnai sumbibast  me thn pr�xh tou antijètou, afoÔ an (x, y) ∈ RI , tìte
epeid  (−1,−1) ∈ RI , èqoume kai (−1)x, (−1)y = (−x,−y) ∈ RI , basizìmenoi
sth sumbibastìthta thc sqèshc me ton pollaplasiasmì pou deÐxame mìlic para-
p�nw.

EÐnai profanèc ìti oi dÔo diadikasÐec pou orÐsame parp�nw, an�mesa se sqèseic
isodunamÐac sumbibastèc me tic pr�xeic tou antimetajetikoÔ daktulÐou kai uposÔnola
tou daktulÐou pou èqoun tic idiìthtec (i), (ii), (iii), (iv) eÐnai antÐstrofec h mÐa sthn
�llh, dhlad  I = IRI

kai R = RIR
. UposÔnola tou antimetajetikoÔ daktulÐou me tic

idiìthtec autèc onom�zontai ide¸dh.
Dedomènou enìc ide¸douc I ⊆ A, h kl�sh isodunamÐac [x]RI

enìc stoiqeÐou x ∈ A
wc proc th sqèsh isodunamÐac pou prosdiorÐzei to ide¸dec eÐnai, ex orismoÔ, to sÔnolo

3



{y ∈ A | (y, x) ∈ RI} = {(y ∈ A | y − x ∈ I} = {y ∈ A | y = x + u, u ∈ I}

SunhjÐzetai loipìn na gr�foume x + I = {x + u | u ∈ I} gia thn kl�sh isodunamÐac
tou x wc proc th sqèsh isodunamÐac RI .

2 Om�dec - Kanonikèc Upoom�dec

Strèfoume t¸ra thn prosoq  mac sth dom  thc om�dac. Eqoume dei (sthn apìdeixh
tou Jewr matoc tou Lagrange) ìti h sqèsh RH ⊆ G × G, epÐ miac om�dac G, pou
orÐzetai me b�sh mia upoom�da H ≤ G mèsw tou kanìna

(x, y) ∈ RH an kai mìno an xy−1 ∈ H

eÐnai sqèsh isodunamÐac.
Rwt�me loipìn an aut  h sqèsh isodunamÐac eÐnai sumbibast  me th dimel  pr�xh

thc om�dac. Autì ja s maine ìti an eÐqame (x1, y1) ∈ RH , (x2, y2) ∈ RH , dhlad 
x1y

−1
1 = h1 ∈ H kai x2y

−1
2 = h2 ∈ H, ja jèlame na eÐnai kai (x1x2, y1y2) ∈ RH , dhlad 

x1x2(y1y2)
−1 = x1x2y

−1
2 y−1

1 ∈ H. GnwrÐzontac ìti ginìmena stoiqeÐwn mÐac upoom�dac
brÐskontai sthn upoom�da, ja mac arkoÔse gia k�ti tètoio na eÐnai to x1x2y

−1
2 y−1

1 =
x1h2y

−1
1 Ðso me èna stoiqeÐo hx1y

−1
1 , dhlad  na mporoÔsame na ekfr�soume èna ginìmeno

thc morf c xh, me h ∈ H, wc h′x, gia k�poio h′ ∈ H.
Lème loipìn ìti mia upoom�da H thc G eÐnai kanonik  an, gia k�je x ∈ G, gia

k�je h ∈ H, up�rqei h′ ∈ H ¸ste xh = h′x.
ParathroÔme ìti h idiìthta aut  thc upoom�dac mac exasfalÐzei ki ìti h sqèsh

isodunamÐac eÐnai sumbibast  me thn pr�xh tou antistrìfou: An (x, y) ∈ RH , tìte
xy−1 = h ∈ H, opìte y−1 = x−1h, �ra up�rqei h′ ∈ H ¸ste y−1 = h′x−1, epomènwc
x−1 = h′−1y−1, �ra kai x−1(y−1)−1 = h′−1 ∈ H. To telutaÐo shmaÐnei ìti (x−1, y−1) ∈
RH . DeÐxame loipìn ìti

2.1 Prìtash. An H eÐnai mia kanonik  upoom�da thc G, tìte h sqèsh isodunamÐac
RH eÐnai sumbibast  me tic pr�xeic thc om�dac.

Antistrìfwc, an R ⊆ G×G eÐnai mia sqèsh isodunamÐac epÐ thc om�dac G pou eÐnai
sumbibast  me tic pr�xeic thc om�dac, ja deÐxoume ìti to sÔnolo

HR = {xy−1 ∈ G | (x, y) ∈ R}

eÐnai kanonik  upoom�da thc G.

• 1 = xx−1 ∈ HR giatÐ gia k�je x ∈ G, (x, x) ∈ R.
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• An x1y
−1
1 ∈ HR kai x2y

−1
2 ∈ HR, dhlad  (x1, y1) ∈ R kai (x2, y2) ∈ R tìte,

epeid  h R eÐnai anaklastik  sqèsh, opìte èqoume kai (y−1
1 , y−1

1 ) ∈ R kaj¸c kai
(x−1

2 , x−1
2 ) ∈ R paÐrnoume en tèlei apì th sunbibastìthta thc R me thn pr�xh

tou pollaplasiasmoÔ thc om�dac ìti

(x1y
−1
1 , y2x

−1
2 ) = (x1y

−1
1 x2x

−1
2 , y1y

−1
1 y2x

−1
2 ) ∈ R,

epomènwc x1y
−1
1 x2y

−1
2 ∈ HR

• An xy−1 ∈ HR, tìte (x, y) ∈ R, �ra kai (y, x) ∈ R, opìte yx−1 = (xy−1)−1 ∈ HR

DeÐxame loipìn wc ed¸ ìti h HR eÐnai upoom�da thc G.
Tèloc èqoume

• An g ∈ G, h = xy−1 ∈ HR (dhlad  (x, y) ∈ R), tìte epeid  (g, g) ∈ R, �ra kai
(gx, gy) ∈ R, epomènwc gxy−1g−1 = gx(gy)−1 = h′ ∈ HR, prokÔptei ìti

gh = gxy−1 = gxy−1g−1g = h′g,

�ra h HR eÐnai kanonik  upoom�da.

Opwc sthn perÐptwsh twn antimetajetik¸n daktulÐwn eÐnai profanèc apì touc oris-
moÔc ìti oi dÔo diadikasÐec pou antistoiqÐzoun se mia kanonik  upoom�da mia sqèsh
isodunamÐac sumbibast  me tic pr�xeic thc om�dac, af' enìc, kai se mÐa tètoia sqèsh
isodunamÐac mia kanonik  upoom�da, af' etaÐrou, eÐnai antÐstrofec h mia sthn �llh.
Eqoume dhlad  HRH

= H kai RHR
= R.

EpÐshc, ìpwc sthn perÐptwsh twn antimetajetik¸n daktulÐwn èqoume ìti h kl�sh
isodunamÐac enìc stoiqeÐou g ∈ G, wc proc th sqèsh isodunamÐac RH pou prosdiorÐzei
mia kanonik  upoom�da H, eÐnai to sÔnolo

{y ∈ G | (y, g) ∈ RH} = {y ∈ G | yg−1 ∈ H} = {y ∈ G | y = hg, h ∈ H}

SunhjÐzetai loipìn na gr�foume Hg = {hg | h ∈ H} gia thn kl�sh isodunamÐac tou g.
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