
ALGEBRA II
Exètash QeimerinoÔ Exam nou 2014-2015

Jèma 1 (2 mon�dec). DÐnetai an�gwgo polu¸numo f(x) ∈ Q[x] me deg(f) = 3. 'Estw a, b, c oi
migadikèc rÐzec tou f(x). Jètoume K = Q(a, b, c).
(a) DeÐxte ìti gia k�je m, n ∈ N isqÔei ìti

ambn + bman + amcn + cman + bmcn + cmbn ∈ Q.

(b) 'Estw ìti h om�da Gal(K/Q) den eÐnai isìmorfh me thn S3. DeÐxte ìti den up�rqoun kataskeu�-
sima stoiqeÐa sto K \Q.

LÔsh.

(a) H dosmènh par�stash eÐnai summetrik  wc proc a, b, c. 'Ara, apì gnwstì je¸rhma, isoÔtai me mia
poluwnumik  par�stash (me suntelestèc sto Q) twn stoiqeiwd¸n summetrik¸n poluwnÔmwn sta a,
b, c. To zhtoÔmeno prokÔptei sundu�zontac tou tÔpouc tou Viéte me to gegonìc ìti oi suntelestèc
tou f(x) eÐnai rhtoÐ arijmoÐ.
(b) AfoÔ [Q(a) : Q] = 3 kai Q(a) ⊆ K, èpetai ìti to [K : Q] diaireÐtai me to 3. Apì thn �llh,
[K : Q] < 6, diìti to K eÐnai s¸ma riz¸n enìc an�gwgou tritob�jmiou poluwnÔmou epÐ tou Q kai h
antÐstoiqh om�da Galois den eÐnai isìmorfh me thn S3. Epomènwc [K : Q] = 3. An k�poio a ∈ K \Q
 tan kataskeu�simo, tìte o bajmìc tou a ja  tan mh tetrimmènh dÔnamh tou 2 kai tautìqrona
diairèthc tou 3, �topo.

Jèma 2 (3 mon�dec). 'Estw p, q diaforetikoÐ pr¸toi.
(a) DeÐxte ìti k�je om�da t�xhc p2q eÐnai epilÔsimh.
(b) 'Estw f(x) ∈ Q[x] polu¸numo me om�da Galois t�xhc p2q. DeÐxte ìti, gia k�je m ∈ N \ {0}, to
polu¸numo g(x) = f(xm) eÐnai epilÔsimo me rizik� epÐ tou Q.
(g) TaxinomeÐste ìlec tic abelianèc om�dec t�xhc p2q wc proc isomorfismì.

LÔsh.

(a) 'Estw G om�da t�xhc p2q. 'Estw H mia Sylow p-upoom�da kai K mia Sylow q-upoom�da thc
G. An h H eÐnai kanonik  sthn G, tìte h G/H eÐnai epilÔsimh (wc om�da t�xhc q) kai h H eÐnai
epilÔsimh (wc om�da t�xhc p2). Apì gnwstì je¸rhma, h G eÐnai epÐshc epilÔsimh. An h K eÐnai
kanonik  sthn G, tìte h G/K eÐnai epilÔsimh (wc om�da t�xhc p2) kai h K eÐnai epilÔsimh (wc
om�da t�xhc q). Epomènwc kai p�li h G eÐnai epilÔsimh. 'Estw loipìn ìti oÔte h H oÔte h K eÐnai
kanonikèc sthn G. To pl joc twn Sylow p-upoom�dwn thc G eÐnai 1 (mod p) kai diaireÐ to q. AfoÔ
den isoÔtai me 1, ja isoÔtai me q, �ra q > p. EpÐshc, to pl joc twn Sylow q-upoom�dwn thc G eÐnai
1 (mod q) kai diareÐ to p2. AfoÔ den isoÔtai me 1 kai den isoÔtai me p (diìti eÐnai megalÔtero tou
q pou eÐnai megalÔtero tou p), èpetai ìti prèpei na isoÔtai me p2. AfoÔ h tom  dÔo diaforetik¸n
Sylow q-upoom�dwn thc G eÐnai tetrimmènh, èpetai ìti up�rqoun akrib¸c p2(q − 1) stoiqeÐa t�xhc q
sthn G. Epomènwc, apomènoun p2q − p2(q − 1) = p2 stoiqeÐa thc G t�xhc 6= q. Ta stoiqeÐa thc H
arijmoÔn  dh p2 tètoia stoiqeÐa. Autì shmaÐnei pwc den mporeÐ na up�rqei �llh Sylow p-upoom�da
thc G, �topo.
(b) Oi rÐzec tou g(x) eÐnai m-ostèc rÐzec twn riz¸n tou f(x). An K eÐnai mia rizik  epèktash tou Q
pou perièqei èna s¸ma riz¸n tou f(x), tìte, episun�ptontac sto K pr¸ta mia prwtarqik  m-ost 
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rÐza tou 1 kai katìpin diadoqik� m-ostèc rÐzec twn riz¸n tou f(x), brÐskoume mia rizik  epèktash
tou Q pou perièqei èna s¸ma riz¸n tou g(x), �ra to g(x) eÐnai epilÔsimo me rizik� epÐ tou Q.
(g) 'Estw G = Z/pZ, H = Z/p2Z kai K = Z/qZ. Me apl  efarmog  tou jewr matoc taxinìmhshc
twn peperasmènwn abelian¸n om�dwn, blèpoume ìti up�rqoun dÔo kl�seic isomorfÐac, h kl�sh thc
G×G×K kai h kl�sh thc H ×K.

Jèma 3 (1 mon�da). BreÐte b�sh tou Q(e
2πi
9 ) wc dianusmatikoÔ q¸rou epÐ tou Q.

LÔsh. 'Estw ζ = e
2πi
9 . To el�qisto polu¸numo tou ζ epÐ tou Q eÐnai kuklotomikì me bajmì

φ(9) = 6. Epomènwc, ta stoiqeia 1, ζ, ζ2, ζ3, ζ4, ζ5 apoteloÔn b�sh tou Q-dianusmatikoÔ q¸rou

Q(e
2πi
9 ).

Jèma 4 (2 mon�dec). 'Estw K s¸ma riz¸n tou poluwnÔmou x5 − 2 epÐ tou Q.
(a) DeÐxte ìti h om�da Gal(K/Q) èqei t�xh 20.
(b) DeÐxte ìti h Gal(K/Q) eÐnai isìmorfh me thn om�da Frobenius F20, dhlad  thn upoom�da thc
S5 pou par�getai apì ton 5-kÔklo (1 2 3 4 5) kai ton 4-kÔklo (2 3 5 4).

LÔsh.

(a) 'Estw ζ = e
2πi
5 kai a = 5

√
2. Profan¸c, K = Q(ζ, a). To x5 − 2 eÐnai polu¸numo Eisenstein,

�ra an�gwgo epÐ tou Q. Epomènwc, [Q(a) : Q] = 5. EpÐshc, [Q(ζ) : Q] = φ(5) = 4. AfoÔ xèroume
ìti Q(a), Q(ζ) ⊆ K, èqoume ìti to [K : Q] diaireÐtai kai me to 5 kai me to 4, �ra diaireÐtai me to 20.
Apì thn �llh,

[K : Q] = [K : Q(ζ)] [Q(ζ) : Q] = 4 [K : Q(ζ)] = 4 [(Q(ζ))(a) : Q(ζ)].

'Omwc to a eÐnai rÐza tou poluwnÔmou x5 − 2 ∈ Q(ζ)[x], �ra [(Q(ζ))(a) : Q(ζ)] ≤ 5, k�ti pou
sunep�getai ìti [K : Q] ≤ 20. Autì apodeiknÔei to zhtoÔmeno.
(b) 'Estw ai = ζi−1a, gia i ∈ {1, . . . , 5}. K�je stoiqeÐo σ thc om�dac Galois(K/Q) kajorÐzetai
pl rwc apì th dr�sh tou sta a kai ζ. Epeid  σ(a) = ai, gia k�poio 1 ≤ i ≤ 5, kai σ(ζ) = ζj ,
gia k�poio 1 ≤ j ≤ 4, up�rqoun to polÔ 5 · 4 = 20 pijanèc epilogèc gia to σ. Apì thn �llh, h
om�da Gal(K/Q) èqei 20 stoiqeÐa, diìti h epèktash K/Q eÐnai Galois. 'Ara ìlec oi pijanèc epilogèc
gia to σ pragmatopoioÔntai. 'Estw t¸ra σ kai τ ta stoiqeÐa thc om�dac Galois pou orÐzontai apì
σ(a) = a2, σ(ζ) = ζ kai τ(a) = a, τ(ζ) = ζ2, antÐstoiqa. TautÐzontac to sÔnolo {a1, . . . , a5}
me to {1, . . . , 5} kai ta stoiqeÐa thc om�dac Galois me tic antÐstoiqec metajèseic sthn S5, blèpoume
eÔkola ìti σ = (1 2 3 4 5) kai τ = (2 3 5 4). EpÐshc, τσ = σ2τ , �ra h 〈τ〉 eÐnai upoom�da tou
kanonikopoiht  thc 〈σ〉 sthn S5, �ra to sÔnolo 〈σ, τ〉 = {σiτ j : 1 ≤ i ≤ 5, 1 ≤ j ≤ 4} = 〈σ〉〈τ〉
eÐnai upoom�da thc S5 kai èqei 20 stoiqeÐa, diìti 〈σ〉 ∩ 〈τ〉 = {1}. M' �lla lìgia, h Gal(K/Q) eÐnai
isìmorfh me thn F20.

Jèma 5 (1 mon�da). 'Estw p pr¸toc. 'Enac peristrefìmenoc troqìc eÐnai qwrismènoc se
p kuklikoÔc tomeÐc. Kaje kuklikìc tomèac epitrèpetai na qrwmatisteÐ me èna apì k diaforetik�
qr¸mata. DeÐxte ìti up�rqoun sunolik�

kp + (p− 1)k
p

epitreptoÐ qrwmatismoÐ (dÔo qrwmatismoÐ jewroÔntai Ðdioi an o ènac prokÔptei apì ton �llo me
peristrof  tou troqoÔ).
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LÔsh. JewroÔme to sÔnolo A = {(a1, a2, . . . , ap) : a1, a2, . . . , ap ∈ {1, 2, . . . , k}}. H kuklik 
upoom�da G = 〈(1 2 . . . p)〉 thc Sp dra me ton sun jh trìpo sto A. To prìblhma pou dÐnetai eÐnai
profan¸c isodÔnamo me ton upologismì tou pl jouc twn troqi¸n aut c thc dr�shc. Efarmìzoume
to L mma Cauchy-Frobenius-Burnside: 'Estw g ∈ G. An g = 1, tìte to pl joc twn stoiqeÐwn tou
A ta opoÐa af nei analloÐwta to g isoÔtai me to |A| = kp. An g 6= 1, tìte, afoÔ p pr¸toc, to g
eÐnai p-kÔkloc, �ra ta mìna stoiqeÐa tou A pou af nei to g analloÐwta eÐnai ta stoiqeÐa thc morf c
(a, a, . . . , a), ìpou a ∈ {1, 2, . . . , k}. Epomènwc up�rqoun k tètoia stoiqeÐa tou A gia k�je g 6= 1.
SumperaÐnoume ìti to pl joc twn troqi¸n thc dr�shc isoÔtai me

1
|G|

kp +
∑

g∈G\{1}

k

 =
kp + (p− 1)k

p
.

Jèma 6 (1 mon�da). 'Estw n jetikìc akèraioc kai F s¸ma qarakthristik c 0 pou perièqei mia
prwtarqik  n-ost  rÐza thc mon�dac. DÐnetai an�gwgo polu¸numo f(x) = xn − b ∈ F [x]. 'Estw K

s¸ma riz¸n tou f(x) epÐ tou F . DeÐxte ìti k�je s¸ma E me F ⊆ E ⊆ K èqei th morf  E = F ( n
√
bd),

ìpou d k�poioc diairèthc tou n.

LÔsh. 'Estw a ∈ K mia rÐza tou f(x). To a eÐnai n-ost  rÐza tou b. AfoÔ to F perièqei prwtarqik 
n-ost  rÐza tou 1, èpetai ìti K = F (a) kai [K : F ] = n, diìti to f(x) eÐnai an�gwgo sto F [x].
Apo gnwst  prìtash, h om�da Gal(K/F ) eÐnai kuklik  t�xhc n, epomènwc, gia k�je diairèth d tou
n, up�rqei monadik  upoom�da t�xhc d. 'Ara, apì to Jemeli¸dec Je¸rhma thc JewrÐac Galois, ta
endi�mesa upos¸mata E (metaxÔ F kai K) eÐnai se 1-1 kai epÐ antistoiqÐa me touc diairètec tou n.
'Estw Ed = F (ad). To a eÐnai rÐza tou poluwnÔmou xd − ad ∈ Ed[x]. 'Ara [K : Ed] ≤ d. AfoÔ
an ∈ F , èqoume (ad)

n
d ∈ F . Epomènwc [Ed : F ] ≤ n

d . AfoÔ ìmwc

n = [K : F ] = [K : Ed] [Ed : F ] ≤ d n
d

= n

prèpei aparaÐthta na isqÔei [K : Ed] = d. Autì isqÔei gia k�je diairèth d tou n. Lìgw monadikì-

thtac, ta Ed = F ( n
√
bd) eÐnai ta mìna endi�mesa upos¸mata metaxÔ F kai K.
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