
DIAFORIKH GEWMETRIA
Exètash QeimerinoÔ Exam nou 2014-2015

Jèma 1 (3 mon�dec). DÐnetai h parametrikopoihmènh kampÔlh γ : R→ R3 me tÔpo

γ(t) =
(

cos t√
2
, sin t,

cos t√
2

)
.

(a) BreÐte tÔpo gia thn kampulìthta thc γ.
(b) BreÐte tÔpo gia th strèyh thc γ.
(g) DeÐxte ìti h gewmetrik  eikìna thc γ eÐnai kÔkloc aktÐnac 1 (ston R3).

LÔsh.

(a) 'Eqoume

γ′(t) =
(
−sin t√

2
, cos t, −sin t√

2

)
,

epomènwc ||γ′(t)|| =
√

sin2 t
2 + cos2 t+ sin2 t

2 = 1, dhlad  h γ eÐnai monadiaÐac taqÔthtac. AfoÔ

γ′′(t) =
(
−cos t√

2
, − sin t, −cos t√

2

)
,

sumperaÐnoume ìti h kampulìthta κ thc γ isoÔtai me κ(t) = ||γ′′(t)|| =
√

cos2 t
2 + sin2 t+ cos2 t

2 = 1,
gia k�je t.
(b) Apì th lÔsh tou (a) èpetai ìti to monadiaÐo efaptìmeno di�nusma T thc γ isoÔtai me to γ′ kai

epomènwc to pr¸to k�jeto di�nusma N thc γ dÐnetai apì N(t) = T ′(t)
κ(t) = γ′′(t), �ra

N ′(t) = γ′′′(t) =
(

sin t√
2
, − cos t,

sin t√
2

)
= −T (t).

Apì thn �llh, an B einai to deÔtero monadiaÐo k�jeto di�nusma thc γ kai τ eÐnai h strèyh thc γ, oi
tÔpoi Frenet-Serret dÐnoun N ′(t) = −T (t) + τ(t)B(t). Sunep¸c, τ(t) = 0, gia k�je t.
(g) AfoÔ h kampulìthta kai h strèyh thc γ isoÔntai me thn kampulìthta kai th strèyh (antÐstoiqa)
tou monadiaiou kÔklou C sto xy-epÐpedo me kèntro thn arq  twn axìnwn, èpetai, apì to Jemeli¸dec
Je¸rhma thc JewrÐac KampÔlwn, ìti h γ proèrqetai apì ton C mèsw miac eujeÐac isometrÐac tou
R3, dhlad  h γ eÐnai kÔkloc aktÐnac 1 sto q¸ro. Akribèstera, h γ eÐnai eikìna tou C mèsw thc
isometrÐac tou R3 pou perigr�fetai apì ton orjog¸nio pÐnaka

1√
2

0 − 1√
2

0 1 0
1√
2

0 1√
2

 .

Jèma 2 (1 mon�da). DeÐxte ìti to sÔnolo

S = {(x, y, z) ∈ R3 : x3 − y2z + z3 = 1}
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eÐnai kanonik  epif�neia ston R3.

LÔsh. 'Estw f(x, y, z) = x3−y2z+z3−1. Apì to je¸rhma st�jmhc, arkeÐ na deÐxoume ìti ∇f 6= 0
pantoÔ sto S. 'Estw P = (a, b, c) ∈ S. An ∇f(P ) = 0, tìte 3a2 = 0, −2bc = 0 kai −b2 + 3c2 = 0.
H pr¸th isìthta dÐnei a = 0. H deÔterh isìthta dÐnei b = 0   c = 0. Epomènwc, apì thn trÐth
isìthta, èqoume ìti, se k�je perÐptwsh, b = c = 0. Epomènwc, P = (0, 0, 0), �topo, diìti to (0, 0, 0)
den an kei sto S.

Jèma 3 (2 mon�dec). JewroÔme èna tm ma thc legìmenhc omprèlac tou Whitney, dhlad 
jewroÔme thn epif�neia S ston R3 me parametrikopoÐhsh

σ(x, y) = (xy, x, y2),

ìpou (x, y) ∈ R2, me x > 0 kai y > 0.
(a) UpologÐste thn pr¸th kai th deÔterh jemeli¸dh morf  thc S.
(b) DeÐxte ìti ìla ta shmeÐa thc S eÐnai uperbolik�.

LÔsh.

(a) 'Eqoume

∂σ

∂x
= (y, 1, 0),

∂σ

∂y
= (x, 0, 2y),

∂2σ

∂x2
= (0, 0, 0),

∂2σ

∂x ∂y
= (1, 0, 0),

∂2σ

∂2y
= (0, 0, 2),

N =
∂σ
∂x ×

∂σ
∂y

||∂σ∂x ×
∂σ
∂y ||

=

(
2y√

4y2 + 4y4 + x2
,

−2y2√
4y2 + 4y4 + x2

,
−x√

4y2 + 4y4 + x2

)
.

Epomènwc,

E =
∂σ

∂x
· ∂σ
∂x

= 1 + y2, F =
∂σ

∂x
· ∂σ
∂y

= xy, G =
∂σ

∂y
· ∂σ
∂y

= x2 + 4y2,

e =
∂2σ

∂x2
·N = 0, f =

∂2σ

∂x∂y
·N =

2y√
4y2 + 4y4 + x2

, g =
∂2σ

∂y2
·N =

−2x√
4y2 + 4y4 + x2

.

Epomènwc, h pr¸th jemeli¸dhc morf  thc S dÐnetai apì

(1 + y2) dx2 + 2xy dx dy + (x2 + 4y2) dy2

kai h deÔterh jemeli¸dhc morf  thc S dÐnetai apì

4y√
4y2 + 4y4 + x2

dx dy − 2x√
4y2 + 4y4 + x2

dy2.

(b) 'Eqoume

EG− F 2 = 4y2 + 4y4 + x2, eg − f2 = − 4y2

4y2 + 4y4 + x2
.

Epomènwc, h kampulìthta Gauss thc S dÐnetai apì

K =
eg − f2

EG− F 2
= − 4y2

(4y2 + 4y4 + x2)2
< 0.
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AfoÔ h kapulìthta Gauss eÐnai to ginìmeno twn dÔo kÔriwn kampulot twn, èpetai ìti oi kÔriec
kampulìthtec eÐnai pantoÔ mh mhdenikèc kai eterìshmec, �ra k�je shmeÐo thc S eÐnai uperbolikì.

Jèma 4 (2 mon�dec). 'Estw α mia kanonik  C∞ kampÔlh ston R3 parametrikopoihmènh wc proc
m koc tìxou s. Upojètoume ìti h kampulìthta κ thc α eÐnai pantoÔ mh mhdenik .
(a) DeÐxte ìti h kampÔlh β pou orÐzetai apì ton tÔpo

β =
dα

ds

eÐnai kanonik .
(b) DeÐxte ìti h kampulìthta thc β dÐnetai apì ton tÔpo√

1 +
τ2

κ2
,

ìpou τ h strèyh thc α.

LÔsh.

(a) Prèpei na deÐxoume ìti β′(s) 6= 0, gia k�je s. 'Omwc β′(s) = α′′(s). AfoÔ h α eÐnai kampÔlh
monadiaÐac taqÔthtac, èqoume ìti ||α′′(s)|| = κ(s) 6= 0, gia k�je s. Epomènwc, β′(s) = α′′(s) 6= 0,
gia k�je s.
(b) 'Estw T , N , B ta orjomonadiaÐa dianÔsmata tou trièdrou Frenet thc kampÔlhc α. 'Eqoume
β′(s) = α′′(s) = T ′(s) = κ(s)N(s). 'Ara apì touc tÔpouc Frenet-Serret èpetai ìti

β′′(s) = κ′(s)N(s) + κ(s)N ′(s) = κ′(s)N(s) + κ(s)(−κ(s)T (s) + τ(s)B(s)).

Epomènwc,

β′′(s)× β′(s) = κ′(s)κ(s)(N(s)×N(s))− κ3(s)(T (s)×N(s)) + κ2(s)τ(s)(B(s)×N(s))

= −κ3(s)B(s)− κ2(s)τ(s)T (s).

'Ara
||β′′(s)× β′(s)||2 = (κ3(s)B(s) + κ2(s)τ(s)T (s)) · (κ3(s)B(s) + κ2(s)τ(s)T (s))

= κ6(B(s) ·B(s)) + 2κ5(s)τ(s)(B(s) · T (s)) + κ4(s)τ2(s)(T (s) · T (s)) = κ6(s) + κ4(s)τ2(s).

AfoÔ h kampulìthta κβ thc β dÐnetai apì ton tÔpo

κβ(s) =
||β′′(s)× β′(s)||
||β′(s)||3

,

sumperaÐnoume ìti

κβ(s) =

√
κ6(s) + κ4(s)τ2(s)

κ3(s)
=

√
1 +

τ2(s)
κ2(s)

,

gia k�je s.
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Jèma 5 (2 mon�dec). 'Estw S kanonik  C∞ epif�neia ston R3 parametrikopoihmènh apì mia
leÐa, 1-1 kai epÐ apeikìnish σ : U → S, ìpou

U = {(u, v) ∈ R2 : −π
4
< u <

π

4
, −1 < v < 1}.

DÐnetai ìti h pr¸th jemeli¸dhc morf  thc S isoÔtai me du2 + cos2 u dv2.
(a) UpologÐste to embadì thc S.
(b) 'Estw K h kampulìthta Gauss thc S. DeÐxte ìti

∂K

∂v
= 0.

LÔsh.

(a) Oi suntelestèc thc pr¸thc jemeli¸douc morf c thc S eÐnai E = 1, F = 0, G = cos2 u. 'Ara√
EG− F 2 = | cosu| = cosu (sto qwrÐo U), epomènwc to embadì thc S isoÔtai me

∫∫
U

cosu du dv =
∫ 1

−1

∫ π
4

−π
4

cosu du dv =
∫ 1

−1

sinu

]π
4

−π
4

 dv =
∫ 1

−1

√
2 dv = 2

√
2.

(b) Apì to Theorema Egregium, xèroume ìti h K exart�tai mìno apì ta E, F kai G, dhlad  h K
eÐnai sun�rthsh tou u. Epomènwc, ∂K∂v = 0.
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