
MAJHMATIKH ANALUSH
Exètash QeimerinoÔ Exam nou 2017-2018

Jèma 1 (2 mon�dec)
(a) JewroÔme to sÔnolo A = (0, 1) ∪ {− n

1+n : n ∈ N}. BreÐte ta eswterik� shmeÐa tou A kai thn
kleist  j kh tou A.
(b) 'Estw X pl rhc metrikìc q¸roc, Y metrikìc q¸roc, f : X → Y suneq c apeikìnish kai (An)
akoloujÐa anoikt¸n uposunìlwn tou Y . ExhgeÐste giatÐ o upìqwroc

Z =
∞⋂
n=1

{x ∈ X : f(x) /∈ An}

tou X eÐnai pl rhc.

LÔsh.

(a) K�je a ∈ (0, 1) eÐnai eswterikì shmeÐo tou A, kaj¸c h anoikt  mp�la me kèntro a kai aktÐna
ra = min{a, 1 − a} eÐnai uposÔnolo tou A. Apì thn �llh, kanèna apì ta shmeÐa − n

n+1 den eÐnai
eswterikì shmeÐo tou A: afoÔ − n

n+1 ≤ 0, k�je anoikt  mp�la me kèntro to − n
n+1 ja perièqei

arnhtikoÔc �rrhtouc, oi opoÐoi profan¸c den an koun sto A. Epomènwc, Int(A) = (0, 1).
Profan¸c k�je shmeÐo tou [0, 1] eÐnai shmeÐo suss¸reushc tou A. AfoÔ

lim
n→∞

− n

n+ 1
= −1,

èpetai ìti to −1 eÐnai epÐshc shmeÐo suss¸reushc tou A. 'Alla shmeÐa suss¸reushc den up�rqoun:
an (bn) eÐnai akoloujÐa shmeÐwn tou A h opoÐa sugklÐnei se k�poio b ∈ R, tìte h (bn) eÐte perièqei
peperasmèno pl joc arnhtik¸n ìrwn (�ra anagkastik� b ∈ [0, 1]) eÐte perièqei upakoloujÐa thc
− n
n+1 (�ra anagkastik� b = −1). Epomènwc, to sÔnolo A′ twn shmeÐwn suss¸reushc tou A

isoÔtai me {−1} ∪ [0, 1] kai sunep¸c cl(A) = A ∪A′ = {−1} ∪ [0, 1] ∪ {− n
n+1 : n ∈ N \ {0}}.

(b) Gia k�je n ∈ N \ {0}, èqoume ìti

{x ∈ X : f(x) /∈ An} = {x ∈ X : f(x) ∈ Y \An} = f−1(Y \An).

AfoÔ to Y \An eÐnai kleistì sto Y (wc sumpl rwma anoiktoÔ) kai h f eÐnai suneq c, èpetai ìti to
{x ∈ X : f(x) /∈ An} eÐnai kleistì sto X, gia k�je n ∈ N \ {0}. 'Ara to Z eÐnai kleistì sto X, wc
tom  kleist¸n uposunìlwn tou X.

Jèma 2 (2 mon�dec)
(a) 'Estw f : R→ R pantoÔ paragwgÐsimh sun�rthsh me |f ′(x)| ≤ 1

2 , gia k�je x ∈ R. DeÐxte ìti h
f èqei stajerì shmeÐo.
(b) 'Estw X sunektikìc metrikìc q¸roc. DeÐxte ìti k�je suneq c sun�rthsh f : X → Q eÐnai
stajer .

LÔsh.

(a) Apì to Je¸rhma Mèshc Tim c kai thn upìjesh gia thn f ′, èpetai ìti |f(x)− f(y)| ≤ 1
2 |x− y|,

gia k�je x, y ∈ R. Epomènwc, h f eÐnai sun�rthsh sustol c. AfoÔ o R eÐnai pl rhc, to je¸rhma
Banach sunep�getai ìti h f èqei stajerì shmeÐo.



(b) AfoÔ h f eÐnai suneq c kai o X eÐnai sunektikìc, èpetai oti to f(X) eÐnai sunektikì uposÔnolo
tou Q, epomènwc kai tou R. Sunep¸c, to f(X) eÐnai genikeumèno di�sthma. An eÐqe jetikì m koc,
tìte ja perieÐqe �rrhtouc, �topo. 'Ara to di�sthma f(X) èqei mhdenikì m koc, epomènwc eÐnai
monosÔnolo, dhlad  h f eÐnai stajer .

Jèma 3 (2 mon�dec)
(a) Na exetasteÐ an h akoloujÐa sunart sewn fn : R→ R me tÔpo

fn(x) =
x3

1 + n x2

sugklÐnei kat� shmeÐo. An nai, eÐnai h sÔgklish omoiìmorfh?
(b) DeÐxte ìti oi parak�tw seirèc sunart sewn sugklÐnoun omoiìmorfa sto di�sthma [1,∞):

∞∑
n=1

1
5 + 2nx

,
∞∑
n=1

(−1)n

1 + nx
.

LÔsh.

(a) 'Eqoume

lim
n→∞

fn(x) = lim
n→∞

x3

1 + nx2
= 0,

gia k�je x ∈ R, �ra h dosmènh akoloujÐa sunart sewn sugklÐnei kat� shmeÐo sth mhdenik  su-
n�rthsh. 'Estw ε > 0. An h sÔgklish  tan omoiìmorfh, ja up rqe N ∈ N \ {0}, tètoio ¸ste∣∣∣ x3

1+nx2

∣∣∣ < ε, gia k�je n ≥ N kai gia k�je x ∈ R. Eidikìtera, ja eÐqame |x|3
1+Nx2 < ε, gia k�je x ∈ R,

�topo, kaj¸c

lim
x→∞

|x|3

1 +Nx2
=∞.

'Ara h sÔgklish den eÐnai omoiìmorfh.
(b) 'Eqoume 1

5+2nx ≤
1
2n , gia k�je x ≥ 1 kai gia k�je n ∈ N \ {0}. AfoÔ h gewmetrik  seir�

∞∑
n=1

1
2n

sugklÐnei, to krit rio tou Weierstrass sunep�getai thn omoiìmorfh sÔgklish thc seir�c

∞∑
n=1

1
5 + 2nx

sto [1,∞).
Gia to deÔtero upoer¸thma, jewroÔme tic akoloujÐec sunart sewn me tÔpouc an(x) = (−1)n kai
bn(x) = 1

1+nx . Ta merik� ajroÐsmata thc pr¸thc akoloujÐac sunart sewn eÐnai omoiìmorfa frag-
mèna, afoÔ isoÔntai me −1   0 gia k�je x ∈ [1,∞). EpÐshc, gia th deÔterh akoloujÐa sunart sewn
isqÔei ìti

lim
n→∞

bn(x) = 0, bn(x) ≥ bn+1(x), 0 ≤ bn(x) ≤
1
n
,



gia k�je x ∈ [1,∞) kai gia k�je n ∈ N \ {0}, dhlad  h akoloujÐa sunart sewn (bn(x)) sugklÐnei
monìtona kai omoiìmorfa sthn mhdenik  sun�rthsh sto di�sthma [1,∞). Epomènwc, apì to krit rio
Dirichlet, h seir�

∞∑
n=1

an(x)bn(x) =
∞∑
n=1

(−1)n

1 + nx

sugklÐnei omoiìmorfa sto [1,∞).

Jèma 4 (2 mon�dec)
(a) Na upologisteÐ to ∫ 2π

0

( ∞∑
n=1

sin(nx)
n3

)
dx.

(b) DeÐxte ìti h dunamoseir�
∞∑
n=1

xn

n6n

sugklÐnei omoiìmorfa sto di�sthma [−6, 5] .

LÔsh.

(a) 'Eqoume
∣∣∣ sin(nx)

n3

∣∣∣ ≤ 1
n3 , gia k�je x ∈ [0, 2π] kai gia k�je n ∈ N \ {0}. AfoÔ h seir�

∞∑
n=1

1
n3

sugklÐnei, to krit rio tou Weierstrass sunep�getai ìti h seir� sunart sewn

∞∑
n=1

sin(nx)
n3

sugklÐnei omoiìmorfa sto [0, 2π]. Epomènwc,∫ 2π

0

( ∞∑
n=1

sin(nx)
n3

)
dx =

∞∑
n=1

(∫ 2π

0

sin(nx)
n3

dx

)
= −

∞∑
n=1

1
n4

(
cos(nx)

∣∣∣2π
0

)
= 0.

(b) AfoÔ

lim
n→∞

1
(n+1)6n+1

1
n6n

=
1
6
,

h aktÐna sÔgklishc thc dunamoseir�c isoÔtai me 6.
Gia x = −6, h dunamoseir� gÐnetai

∞∑
n=1

(−1)n

n
,

h opoÐa sugklÐnei wc enall�sousa seir� apì to krit rio tou Leibniz.



Gia x = 6, h dunamoseir� gÐnetai
∞∑
n=1

1
n
,

h opoÐa apoklÐnei.
Epomènwc, to di�sthma sÔgklishc thc dunamoseir�c eÐnai to [−6, 6). Apì th jewrÐa, h sÔgklish
eÐnai omoiìmorfh se k�je sumpagèc upodi�sthma tou diast matoc sÔgklishc, �ra kai sto [−6, 5].

Jèma 5 (3 mon�dec)
(a) Gia th suneq  sun�rthsh f : [0, 1]→ R dÐnetai ìti gia k�je x ∈ [0, 1] up�rqei ε > 0 tètoio ¸ste
f(x) > ε. DeÐxte ìti up�rqei ε > 0 tètoio ¸ste gia k�je x ∈ [0, 1] na isqÔei ìti f(x) > ε.
(b) Na exetasteÐ an o arijmìc 5

27 an kei sto sÔnolo Cantor.
(g) Na exetasteÐ an up�rqei suneq c sun�rthsh f : [−π, π]→ R me seir� Fourier thn

1 +
∞∑
n=1

(−1)n√
n

cos(nx).

LÔsh.

(a) AfoÔ h f eÐnai suneq c, h eikìna tou diast matoc [0, 1] ja eÐnai kleistì di�sthma peperasmènou
m kouc (lìgw tou Jewr matoc Endiamèswn Tim¸n kai tou Jewr matoc Akrot�twn tim¸n). Me �lla
lìgia, up�rqoun a, b ∈ R me a < b kai f([0, 1]) = [a, b]. Apì thn upìjesh sunep�getai ìti ìlec oi
timèc thc f eÐnai jetikèc, �ra a > 0. Epomènwc to sumpèrasma èpetai an jèsoume ε = a

2 .
Enallaktik�, mporeÐ na qrhsimopoihjeÐ h sump�geia tou [0, 1] wc ex c: AfoÔ h f eÐnai suneq c, to
f([0, 1]) eÐnai sumpag c upìqwroc tou R. Apì thn upìjesh, gia k�je x ∈ [0, 1] up�rqei εx > 0 ètsi
¸ste f(x) > εx. Jètontac Ax = (εx,∞), èqoume ìti f(x) ∈ Ax. Epomènwc

f([0, 1]) ⊆
⋃

x∈[0,1]

Ax,

dhlad  ta sÔnola Ax apoteloÔn anoiktì k�lumma tou f([0, 1]). Lìgw sump�geiac, up�rqei pepe-
rasmèno upok�lumma, èstw to Ax1 , . . . , Axn . Jètontac ε = min{εx1 , . . . , εxn}, eÐnai profanèc ìti
Axk
⊆ (ε,∞), gia k�je k ∈ {1, . . . n}, �ra

f([0, 1]) ⊆
n⋃
k=1

Axk
⊆ (ε,∞),

dhlad  f(x) > ε, gia k�je x ∈ [0, 1].
(b) O arijmìc 5

27 anaparÐstatai triadik� wc 0.012=0.01122222.... Epomènwc, o arijmìc 5
27 den an kei

sto sÔnolo Cantor, diìti den up�rqei triadik  tou anapar�stash h opoÐa emfanÐzei mìno ta yhfÐa 0
kai 2.
Enallaktik�, apì thn kataskeu  tou, to sÔnolo Cantor eÐnai h tom  sunìlwn Cn, kajèna apì ta
opoÐa eÐnai ènwsh 2n xènwn an� dÔo kleist¸n diasthm�twn m kouc 1

3n . Eidikìtera,

C2 =
[
0,

1
9

]⋃[
2
9
,
1
3

]⋃[
2
3
,
7
9

]⋃[
8
9
, 1
]
.



AfoÔ 1
9 <

5
27 <

2
9 , èpetai ìti

5
27 /∈ C2, �ra

5
27 /∈ C.

(g) An up rqe tètoia sun�rthsh f , h anisìthta Bessel ja èdine ìti

22

2
+
∞∑
n=1

(
(−1)n√

n

)2

≤ 1
π

∫ π

−π
f2(x) dx,

dhlad  ìti

2 +
∞∑
n=1

1
n
≤ 1
π

∫ π

−π
f2(x) dx.

Gia na eÐmaste akribeÐc (parìlo pou den to qreiazìmaste ed¸), h parap�nw anisìthta eÐnai isìthta
lìgw tou Jewr matoc Parseval. Se k�je perÐptwsh, katal goume se �topo, kaj¸c∫ π

−π
f2(x) dx <∞

(lìgw sunèqeiac thc f), en¸ h seir�
∞∑
n=1

1
n

apoklÐnei.


