
Majhmatik  An�lush

Ask seic

21 DekembrÐou 2017

SÔgklish, upologismoÐ orÐwn, an¸terwn kai kat¸terwn orÐwn akolou-
ji¸n

1. BreÐte ta liminf, limsup twn xn = (−1)n(1 + 1
n
), yn = (−1)n − 1

n
.

2. ApodeÐxte ìti sugklÐnoun oi akoloujÐec (xn)n me

(a) x1 = 1, xn+1 = 1 + 1
xn

(b) x1 = 1, x2 = 1, xn+2 = 1
3
xn + 2

3
xn+1

3. BreÐte ta ìria

lim
n→∞

(
n2 + 3n+ 5

n2 + 4n+ 7
)

n

lim
n→∞

((1 +
1

n
)(1 +

2

n
)...(1 +

n

n
))1/n

4. An h akoloujÐa (an)n eÐnai aÔxousa, me jetikoÔc ìrouc kai sugklÐnousa, en¸ h
(bn)n eÐnai tètoia ¸ste |bn+1 − bn| ≤ |an+1 − an|, apodeÐxte ìti kai h (bn)n sugklÐnei.

AkoloujÐec kai seirèc sunart sewn

5. ApodeÐxte ìti, an oi seirèc
∞
Σ

n=1
an kai

∞
Σ

n=1
bn sugklÐnoun apolÔtwc, tìte h seir�

sunart sewn
∞
Σ

n=1
an cos(nx) + bn sin(nx) sugklÐnei omoiìmorfa sto R.

6. Upojètoume gia thn akoloujÐa sunart sewn (fn: (X, d)→ R)n ìti up�rqei δ > 0
¸ste, gia k�je n, k�je x ∈ X eÐnai fn(x) ≥ δ kai ìti h akoloujÐa sugklÐnei omoiìmorfa
sthn f. ApodeÐxte ìti k�je x ∈ X eÐnai f(x) 6= 0 kai ìti h akoloujÐa (1/fn)n sugklÐnei
omoiìmorfa sthn 1/f.
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7. Upojètoume gia thn akoloujÐa sunart sewn (fn: (X, d) → [0, 1])n ìti sugklÐnei
omoiìmorfa sthn f kai jewroÔme mÐa suneq  sun�rthsh g: [0, 1]→ R. ApodeÐxte ìti h
akoloujÐa (g ◦ fn)n sugklÐnei omoiìmorfa sthn g ◦ f.

8. ApodeÐxte ìti h seir� sunart sewn
∞
Σ

n=1
(−1)nxn(1−x) sugklÐnei omoiìmorfa sto

[0, 1].

Basikèc ènnoiec metrik¸n q¸rwn kai suneq¸n sunart sewn

9. ApodeÐxte ìti an (X, d) eÐnai ènac metrikìc q¸roc, tìte h sun�rthsh %:X ×X →
R+ me

%(x, y) =
d(x, y)

1 + d(x, y)

epÐshc orÐzei mÐa metrik  epÐ tou X.

10. Sto sÔnolo twn akolouji¸n epÐ enìc metrikoÔ q¸rou (X, d) (tic opoÐec sumbolÐ-
zoume wc x = (x1, x2, ..., xn, ...)) orÐzoume th sun�rthsh me tÔpo

%(x, y) =
∞
Σ

n=1

1

2n

d(xn, yn)

1 + d(xn, yn)
.

ApodeÐxte ìti orÐzei metrik  epÐ tou sunìlou twn akolouji¸n.

11. Sto metrikì q¸ro X = C([0, 1],R) twn suneq¸n sunart sewn apì to kleistì
di�sthma [0, 1] sto sÔnolo twn pragmatik¸n arijm¸n, me metrik 

d(f, g) = sup{|f(x)− g(x)| | x ∈ [0, 1]},

jewroÔme to sÔnolo {f ∈ X | ∀x |f(x)| ≤ 1}. ApodeÐxte ìti to A eÐnai kleistì
uposÔnolo tou X ki ìti h sullog  {Un | n ≥ 1}, me Un = {f ∈ X | f(0)− f( 1

n
) < 1},

apoteleÐ anoiktì tou k�lumma.

12. Exet�ste an sugklÐnei ston q¸ro (X, d) thc parap�nw �skhshc h akoloujÐa
(fn)n me fn(x) = 1

n
(x2 + 1)

13. ApodeÐxte ìti opoiad pote sun�rthsh proc èna metrikì q¸ro apì èna sÔnolo
pou kajÐstatai metrikìc q¸roc me th diakritik  metrik , eÐnai suneq c.

14. ApodeÐxte ìti h f :X → Y eÐnai suneq c an kai mìno an, gia k�je A ⊆ X,

f [A] ⊆ f [A], ìpou f [−] dhl¸nei thn eujeÐa eikìna uposunìlou mèsw thc sun�rthshc.
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Sunduastikèc ask seic, efarmogèc shmantik¸n jewrhm�twn

15. Upojètoume ìti h akoloujÐa (xn)n shmeÐwn tou metrikoÔ q¸rou (X, d) eÐnai

tètoia ¸ste
∞
Σ

n=1
d(xn, xn+1) <∞. ApodeÐxte ìti eÐnai akoloujÐa Cauchy.

16. DÐnetai h f : [0, a] → R, 0 < a < 1, me f(x) = x4+a
20

. ApodeÐxte ìti up�rqei
x ∈ [0, a] tètoio ¸ste f(x) = x.

17. Upojètoume ìti oi sunart seic fn: [a, b] → (0,∞) eÐnai ìlec suneqeÐc kai ìti h

seir� sunart sewn
∞
Σ

n=1
fn sugklÐnei shmeiak� se mÐa suneq  sun�rthsh. ApodeÐxte ìti

h sÔgklish eÐnai omoiìmorfh.

18. An {Fn | n ≥ 1} eÐnai mÐa akoloujÐa kleist¸n kai fragmènwn uposunìlwn tou
Rn kai f : Rn → (X, d) eÐnai mÐa suneq c sun�rthsh, apodeÐxte ìti

f [
∞⋂

n=1

Fn] =
∞⋂

n=1

f [Fn]
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