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Jèma 1: DÐnetai h sun�rthsh f : R2 → R me

f(x, y) =

{
2x2y

x4+y2 , an (x, y) 6= (0, 0)
0, an (x, y) = (0, 0)

(1)

UpologÐste tic merikèc parag¸gouc thc sto (0, 0) kai exet�ste an h sun�rthsh eÐnai
suneq c kai an eÐnai diaforÐsimh sto shmeÐo autì. Sth sunèqeia upologÐste sto (0, 0) thn
par�gwgo kat� thn kateÔjunsh tou monadiaÐou dianÔsmatoc a~i+ b~j, ìpou b 6= 0.

LÔsh: Oi merikèc par�gwgoi eÐnai fx(0, 0) = lim
x→0

x2·0
x4+0

x = 0 kai omoÐwc fy(0, 0) = 0.

To ìrio lim
(x,y)→(0,0)

2x2y
x4+y2 den up�rqei, afoÔ an proseggÐsoume to (0, 0) mèsw twn parabol¸n

y = kx2 brÐskoume lim
x→0

2x2kx2

x4+k2x4 = 2k
1+k2 , to opoÐo exart�tai apì to k, �ra h sun�rthsh den

eÐnai suneq c sto (0, 0). Epomènwc den eÐnai oÔte diaforÐsimh sto shmeÐo autì.
H zhtoÔmenh par�gwgoc kat� thn kateÔjunsh tou ~v = a~i+ b~j dÐnetai wc

D~vf(0, 0) = lim
h→0

f(ha, hb)− f(0, 0)
h

= lim
h→0

2h2ahb
h4a4+h2b2

h
= lim

h→0

2a2b

h2a4 + b2
=

2a2

b

O tÔpoc pou dÐnei thn kat� kateÔjunsh par�gwgo wc to eswterikì ginìmeno tou gradf me to
~v de mporeÐ na efarmosteÐ giatÐ h sun�rthsh den eÐnai diaforÐsimh.

Jèma 2: Estw f : R2 → R mia diaforÐsimh sun�rthsh. JewroÔme thn g: R2 → R me
g(r, ϕ) = f(r cosϕ, r sinϕ). ApodeÐxte ìti

(
∂f

∂x
)2 + (

∂f

∂y
)2 = (

∂g

∂r
)2 +

1
r2

(
∂g

∂ϕ
)2

Sth sunèqeia upologÐste th ∂2g
∂r∂ϕ .

LÔsh: EÐnai

gr = fxxr + fyyr = fx cosϕ+ fy sinϕ,

gϕ = fxxϕ + fyyϕ = −fxr sinϕ+ fyr cosϕ.

Uy¸nontac sto tetr�gwno èqoume
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g2
r +

1
r2
g2
ϕ = f2

x cos2 ϕ+ f2
y sin2 ϕ+ 2fxfy cosϕ sinϕ

+
1
r2

(f2
xr

2 sin2 ϕ+ f2
y r

2 cos2 ϕ− 2fxfyr
2 cosϕ sinϕ)

= f2
x(cos2 ϕ+ sin2 ϕ) + f2

y (cos2 ϕ+ sin2 ϕ)

= f2
x + f2

y

Gia thn ∂2g
∂r∂ϕ brÐskoume

∂2g

∂r∂ϕ
=

∂

∂r
(−r sinϕ

∂f

∂x
+ r cosϕ

∂f

∂y
)

= − sinϕ
∂f

∂x
+ (−r sinϕ)

∂

∂r
(
∂f

∂x
) +

+ cosϕ
∂f

∂y
+ r cosϕ

∂

∂r
(
∂f

∂y
)

= − sinϕ
∂f

∂x
+ (−r sinϕ) (

∂2f

∂x2
cosϕ+

∂2f

∂y∂x
sinϕ)

+ cosϕ
∂f

∂y
+ r cosϕ (

∂2f

∂x∂y
cosϕ+

∂2f

∂y2
sinϕ)

Jèma 3: BreÐte tic mègistec kai el�qistec timèc thc sun�rthshc f(x, y) = xy p�nw ston
kÔklo x2 + y2 = 1.

LÔsh: H f paÐrnei mègisth kai el�qisth tim  p�nw sto dosmèno kÔklo giatÐ o kÔkloc
eÐnai kleistì kai fragmèno uposÔnolo tou R2. Qrhsimopoi¸ntac pollaplasiastèc Lagrange
paÐrnoume ìti autèc emfanÐzontai se shmeÐa gia ta opoÐa plhroÔntai oi sunj kec ∇f = λ∇g,
ìpou g(x, y) = x2 + y2 − 1 = 0. Epomènwc se ekeÐna ìpou èqoume y = 2λx, x = 2λy, �ra

4λ2y2 + 4λ2x2 = 4λ2(x2 + y2) = 4λ2 = 1,

dhlad  λ = ±1/2. ApaloÐfoume loipìn ta x, y (de mporeÐ k�poio apì ta dÔo na eÐnai Ðso me 0
giatÐ tìte kai ta dÔo ja eÐnai kai to (0, 0) den an kei ston kÔklo, �ra den eÐnai krÐsimo shmeÐo
ìpwc k�poioi apì sac isqurÐzontai) kai brÐskoume ìti krÐsima shmeÐa eÐnai epomènwc ta

(
√

2
2
,

√
2

2
), (−

√
2

2
,

√
2

2
), (
√

2
2
,−
√

2
2

), (−
√

2
2
,−
√

2
2

).

Se keÐnai pou oi suntetagmènec touc eÐnai omìshmec, profan¸c, h sun�rthsh paÐrnei th mègisth
tim  thc 1/2 kai se keÐna me eterìshmec suntetagmènec paÐrnei thn el�qisth tim  thc −1/2.

Jèma 4: Enac plan thc kineÐtai p�nw sthn èlleiyh me exÐswsh x = a cosϕ, y = b sinϕ.
Metr¸ntac to qrìno t apì th stigm  pou o plan thc brÐsketai sto shmeÐo (a, 0), h gwnÐa ϕ
pou sqhmatÐzei o plan thc me ton orizìntio �xona kai o qrìnoc t upakoÔoun sthn exÐswsh
kt = ϕ − e cosϕ, ìpou k, e eÐnai stajerèc kai 0 < e < 1. ExhgeÐste giatÐ eÐnai dunatì na
upologÐsoume to rujmì metabol c thc gwnÐac ϕ sunart sei tou qrìnou t kai upologÐste ton.
(H exÐswsh thc èlleiyhc den paÐzei rìlo sthn aitiolìghsh aut  kai ton akìloujo upologismì,
dÐnetai mìno gia thn perigraf  tou probl matoc kai ton prosdiorismì twn stajer¸n e, k.)
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LÔsh: Mac endiafèrei an mporoÔme na upologÐsoume to rujmì metabol c thc gwnÐac ϕ
sunart sei tou qrìnou t. Autì eÐnai efiktì an mporeÐ na epilujeÐ, topik�, se k�je shmeÐo
h exÐswsh kt = ϕ − e cosϕ, ¸ste na ekfrasteÐ h gwnÐa ϕ sunart sei tou qrìnou t. Se mÐa
tètoia perÐptwsh o rujmìc metabol c dÐnetai apì thn par�gwgo dϕ

dt , thc epilÔousac ϕ(t), kai
thn opoÐa gnwrÐzoume p¸c na upologÐzoume. Pr�gmati loipìn, gia th sun�rthsh

F (t, ϕ) = kt− ϕ+ e cosϕ,

èqoume F (t, ϕ) = 0 kai
∂F

∂ϕ
= −1− e sinϕ,

H teleutaÐa de mhdenÐzetai se kanèna shmeÐo tou pedÐou orismoÔ thc F, afoÔ 0 < e < 1, �ra
eÐnai dunat  h zhtoÔmenh epÐlush. O rujmìc metabol c dÐnetai, se k�je shmeÐo (t, ϕ), wc

dϕ

dt
= − Ft

Fϕ
=

1
1 + e sinϕ

Jèma 5: a) BreÐte ta shmeÐa thc epif�neiac x2 +2y2 +3z2 = 1 ìpou to efaptìmeno epÐpedo
eÐnai par�llhlo proc to epÐpedo 3x− y + 3z = 1.

b) H f : R2 → R eÐnai mÐa sun�rthsh me suneqeÐc merikèc parag¸gouc. JewroÔme ta
shmeÐa A(1, 3), B(3, 3), C(1, 7), D(6, 15) tou epipèdou. H par�gwgoc thc f sto A kat� thn
kateÔjunsh 1

2

−−→
AB eÐnai 3 kai kat� thn kateÔjunsh 1

4

−→
AC eÐnai 26. Na breÐte thn par�gwgo thc

f sto A kat� thn kateÔjunsh 1
13

−−→
AD.

LÔsh: a) To efaptìmeno epÐpeso thc epif�neiac f(x, y, z) = x2 + 2y2 + 3z2 − 1 = 0 sto
shmeÐo (x, y, z) èqei k�jeto di�nusma to ∇f = (2x, 4y, 6z) kai prèpei na eÐnai par�llhlo me
to k�jeto di�nusma tou epipèdou, dhlad  to (1,−1, 3), pou shmaÐnei ìti gia k�poio λ eÐnai
2x = 3λ, 4y = −λ, 6z = 3λ. Antikajist¸ntac sthn exÐswsh thc epif�neiac paÐrnoume

9λ2

4
+

2λ2

16
+

3λ2

4
= 1,

dhlad  λ = ±2
√

2
5 , kai brÐskoume to zhtoÔmeno shmeÐo.

b) Epeid  h dojeÐsa sun�rthsh eÐnai diaforÐsimh èqoume ìti h par�gwgìc thc kat� thn
kateÔjunsh 1

2

−−→
AB = (1, 0) eÐnai Ðsh me ∇f · (1, 0) = 1 · fx|A + 0 · fy|A = 3, epomènwc fx|A = 3

kai, omoÐwc, fy|A = 26. ProkÔptei loipìn ìti, gia ~v = 1
13

−−→
AD,

D~vf |A =
1
13

(5 · 3 + 12 · 26) =
327
13

.
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