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Jèma 1: a) DÐnontai oi pr¸toi arijmoÐ p, q, oi opoÐoi eÐnai diaforetikoÐ metaxÔ touc. Poi� stoiqeÐa
perièqei to ide¸dec < p > ∩ < q > tou Z? EÐnai pr¸to autì to ide¸dec?

b) DÐnetai to polu¸numo

f(x) = x5 − 6x4 + 12x2 − 24x + 6

Up�rqei ide¸dec I tou Q[x] tètoio ¸ste 1 /∈ I kai to I na perièqei gnhsÐwc to ide¸dec < f(x) >?

LÔsh: a) Ta stoiqeÐa tou < p > ∩ < q > eÐnai ta koin� pollapl�sia twn p kai q, dhlad  ta
pollapl�sia tou pq (epeid  oi p kai q eÐnai diaforetikoÐ pr¸toi). Epomènwc, < p > ∩ < q >=< pq >.
To ide¸dec autì den eÐnai pr¸to, diìti pq ∈< pq >, all� p /∈< pq > kai q /∈< pq >.

b) 'Estw ìti up�rqei tètoio ide¸dec I. To I eÐnai gn sio ide¸dec tou Q[x] (diìti 1 /∈ I) to opoÐo
perièqei gnhsÐwc to < f(x) >. 'Omwc, apì to krit rio Eisenstein gia p = 2 (  gia p = 3), to f(x)
eÐnai an�gwgo sto Q[x]. Epomènwc, to < f(x) > eÐnai maximal sto Q[x], k�ti to opoÐo antibaÐnei
sthn Ôparxh tou I.

Jèma 2: DÐnetai to polu¸numo f(x) = x4−2x3−x2+6x−6. JewreÐste dedomèno ìti o migadikìc
arijmìc 1+ i eÐnai rÐza autoÔ tou poluwnÔmou. AnalÔste to polu¸numo autì se ginìmeno anag¸gwn
paragìntwn, pr¸ta sto Q[x] kai sth sunèqeia sto C[x].

LÔsh: AfoÔ to f(x) èqei pragmatikoÔc suntelestèc kai migadik  rÐza to 1+ i, èpetai ìti to 1− i
eÐnai epÐshc rÐza tou f(x). Epomènwc, to polu¸numo (x− 1− i)(x− 1 + i) = x2 − 2x + 2 diaireÐ to
f(x). Mia apl  diaÐresh deÐqnei ìti

f(x) = (x2 − 2x + 2)(x2 − 3).

Ta polu¸numa x2 − 2x − 2 kai x2 − 3 eÐnai an�gwga sto Q[x], lìgw tou krithrÐou Eisenstein gia
p = 2 kai p = 3 antÐstoiqa, �ra èqoume brei thn paragontopoÐhsh tou f(x) se ginìmeno an�gwgwn
paragìntwn sto Q[x]. AfoÔ ta an�gwga polu¸numa tou C[x] eÐnai ta prwtob�jmia, èpetai ìti mia
paragontopoÐhsh tou f(x) se ginìmeno an�gwgwn paragìntwn sto C[x] dÐnetai apì

f(x) = (x− 1− i)(x− 1 + i)(x−
√

3)(x +
√

3).
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Jèma 3: DÐnetai antimetajetikìc daktÔlioc (me mon�da) A kai to ide¸dec tou I ⊂ A pou èqei thn
idiìthta ìti, gia k�je a ∈ I, up�rqei fusikìc arijmìc n > 0, ètsi ¸ste an = 0 (an = a · ... · a, n
forèc). Upojètoume ìti to stoiqeÐo x ∈ A eÐnai tètoio ¸ste h kl�sh x+ I (thn opoÐa merikèc forèc
sumbolÐzoume kai me [x]I) eÐnai antistrèyimo stoiqeÐo tou daktulÐou - phlÐko A/I. ApodeÐxte ìti to
x eÐnai antistrèyimo stoiqeÐo tou A.

LÔsh: Apì thn upìjesh, up�rqei y ∈ A tètoio ¸ste (x + I)(y + I) = 1 + I, dhlad  xy − 1 ∈ I.
Up�rqei epomènwc fusikìc n > 0 tètoioc ¸ste (xy − 1)n = 0. AfoÔ o A eÐnai antimetajetikìc,
èpetai ìti

xnyn −
(

n

1

)
xn−1yn−1 + . . . + (−1)n−1

(
n

n− 1

)
xy + (−1)n = 0.

Epomènwc,

x

(
(−1)n−1xn−1yn − (−1)n−1

(
n

1

)
xn−2yn−1 + . . . +

(
n

n− 1

)
y

)
= 1.

'Ara to x eÐnai antistrèyimo stoiqeÐo tou A.

Jèma 4: a) BreÐte thn t�xh tou stoiqeÐou

(1 5)(1 4)(1 3)(1 2)

thc om�dac metajèsewn S6.
b) Pìsec kuklikèc upoom�dec èqei h Z2p, ìpou p eÐnai perittìc pr¸toc arijmìc?

LÔsh: a) To dosmèno stoiqeÐo isoÔtai me ton 5-kÔklo (1 2 3 4 5), �ra èqei t�xh 5.
b) K�je upoom�da thc Z2p eÐnai kuklik , �ra arkeÐ na broÔme to pl joc twn upoom�dwn thc

Z2p. Apì gnwstì je¸rhma, autì isoÔtai me to pl joc twn diairet¸n tou 2p, pou eÐnai oi 1, 2, p kai
2p. Epomènwc h Z2p èqei 4 kuklikèc upoom�dec.

Jèma 5: JewroÔme mÐa om�da G kai dÔo kanonikèc upoom�dec thc H C G kai K C G. ApodeÐxte
ìti h upoom�da H ∩K eÐnai kanonik  upoom�da thc G. (JewreÐste gnwstì ìti eÐnai upoom�da kai
apodeÐxte mìno thn kanonikìthta.)

ExhgeÐste giatÐ h G/(H ∩K) eÐnai isìmorfh me mÐa upoom�da thc G/H×G/K qrhsimopoi¸ntac
ton omomorfismì ϕ : G→ G/H ×G/K me tÔpo

ϕ(g) = (gH, gK)

LÔsh: 'Estw a ∈ H ∩K kai g ∈ G. Tìte a ∈ H. AfoÔ H C G, èpetai ìti gag−1 ∈ H. 'Omoia,
gag−1 ∈ K. 'Ara, gag−1 ∈ H ∩K. Epomènwc, H ∩K C G.

O pur nac tou omomorfismoÔ ϕ isoÔtai me

{g ∈ G : gH = H kai gK = K} = {g ∈ G : g ∈ H kai g ∈ K} = H ∩K.

Apì to pr¸to je¸rhma isomorfismoÔ èpetai ìti h om�da G/(H ∩K) eÐnai isìmorfh me thn eikìna
tou ϕ, h opoÐa eÐnai mia upoom�da thc G/H ×G/K.
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